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This monograph analyzes t h e  ques t ions  involved i n  the numer- 

i c a l  a p p l i c a t i o n  of one new method f o r  so lv ing  boundary value  

problems - t h e  method of f u n c t i o n a l  equat ions  - and der ives  the 

proper genera l  purpose programs. 

iii 





TABLE OF CONTENTS 

ANLVOTATION 

INTRODUCTION 

PAGE - 
ii.2 

§ 1. Dirichlet Problem and Green Formulas . . . . . . 2 

§ 2. Fundamental Formula for the Theory of Harmonic Functions . 7 

§ 3. Some Concepts of Functional Analysis . . . . . . . 16 

§ 4. Linear Independence and Completeness of Several 
Systems of Harmonic Functions . . . . . . . . . 27 

§ 5. Approximate Method for Solving the Dirichlet Problems 

§ 6 .  Solution to Boundary Value Problems with the Aid of 
Nonorthogonal Series . . . . . . . . . . . . ., 

5 7. Series of Nonorthogonal Systems of Functions . . . . 
§ 8. Nonorthogonal Series in Variational Methods . . . . - 
§ 9. Approximate Solution to One Mixed Boundary Value 

Problem in the Theory of Harmonic Functions .. . . . 
§ 10. Approximate Solution to the Reimann-Hilbert Problem . 
§ 11. Solution to the External Dirichlet Problem for the 

Laplace Equation Using the Method of Functional Equations 

§ 12. Solution to the Two-Dimensional External Dirichlet Problem 
by the Method of Generalized Fourier Series . . . . 

REFERENCES 





INTRODUCTION 

M a y  important problems i n  n a t u r a l  sc ience  can be  reduced t o  so-cal led  

boundary value problems. Development of genera l  methods f o r  so lv ing  t h e s e  

problems and i n v e s t i g a t i o n  of t h e  t o t a l  automation of t h e i r  approximate solu- 

tion on genera l  purpose computers a r e  problems of paramount s i g n i f i c a n c e .  I n  

the Department of Numerical Methods of t h e  Computer Center,  Academy of Sciences ,  

Georgian SSSR under t h e  d i r e c t i o n  of V.D. Kupradze, a genera l  approximate 

method was developed f o r  s o l v i n g  boundary va lue  problems. I n  t h e  p resen t  

p&lication t h i s  method i s  discussed r e l a t i v e  t o  t h e  f i r s t  i n t e r n a l  boundary 

value problem of t h e  theory of harmonic func t ions .  The genera l  purpose pro- 

grams cited at t h e  end of t h i s  p u b l i c a t i o n  make i t  p o s s i b l e  t o  f i n d  s o l u t i o n s  

t o  the e x t e r n a l  D i r i c h l e t  boundary va lue  problems f o r  e l l i p s o i d a l  regions  on 

the \igh speed e l e c t r o n i c  computer BESM-2. These problems a r i s e  i n  computing 

gravity, magnetic, e l e c t r i c  and h e a t  f i e l d s ,  i n  so lv ing  problems i n  hydrody- 

r~arnics of an i d e a l  f l u i d ,  i n  so lv ing  c e r t a i n  problems i n  t h e  theory of 

elasticity, e t c .  

In  1961, at a seminar h e l d  a t  t h e  Computer Center of t h e  Academy of Scieqces,  

Georgian SSR, V. D. Kupradze i n d i c a t e d  t h e  p o s s i b l i t y  o f  f i n d i n g  an approxi- 

mate s08utfon t o  boundary va lue  problems wi th  t h e  a i d  of i n t e g r a l  Expressions 

(5.19 and ( 5 - 2 )  by r e p l a c i n g  them with  quadrature  formulas. So lu t ion  t o  

nmeroass examples c a r r i e d  ou t  by N.A. Papunashvi l i  showed t h a t  t h i s  approach 

to the approximate s o l u t i o n  of boundary va lue  p r o b l e m  ( i n  Reference [3] ,  i t  

was ca l led  t h e  second approach) l e a d s  t o  t h e  very poor ly  s t i p u l a t e d  systems 

of lilraear equat ions .  I n  s e v e r a l  i n s t a n c e s  an i n c r e a s e  i n  t h e  number of 

po in t s  in the quadrature  formula l eads  t o  a d e t e r i o r a t i o n  of t h e  f i n a l  

results, This i s  due t o  t h e  f a c t  t h a t  (5.2) is  a f u n c t i o n a l  equa t ion  of t h e  

first sort, and t h a t  i ts  approximate s o l u t i o n  i s  an improper problem. A 



s p e c i a l  seminar was h e l d  t o  d i s c u s s  t h e  ques t ions  of j u s t i f y i n g  and approving 

t h i s  method; at t h i s  seminar a new method was developed and j u s t i f i e d  f o r  ;IE 

approximate s o l u t i o n  t o  t h e  boundary value  problems t h a t  i s  a l s o  based on 

Expressions (5.1) and (5.2) (Reference 131, c a l l s  t h i s  t h e  f i r s t  approach),  

The r e s u l t s  obta ined at  t h i s  seminar are discussed i n  Reference [1-31. 

I n i t i a l l y  t h e  p resen t  p u b l i c a t i o n  was regarded a s  a c o l l e c t i o n  of general- 

purpose programs, i n s t r u c t i o n s  f o r  them and numerical  examples, solved 

approximately us ing  t h e s e  genera l  purpose programs. Then p a r t  of t h e  general 

purpose programs f o r  s o l v i n g  t h e  i n t e r n a l  D i r i c h l e t  problem was publ ished In l6 - 
Moscow ( '%ipro t i s t ' )*  [27,28], which made i t  p o s s i b l e  t o  g ive  a more complete 

discuss ion  of t h e  approximate method and t o  d e f i n e  c e r t a i n  concepts as 

w e l l  a s  t h e  proof and conclusions of known theorems and formulas,  which were 

used i n  demonstrating t h e  approximate method. It seems t o  us t h a t  t h i s  

w i l l  f a c i l i t a t e  understanding of t h e  m a t e r i a l  discussed.  

§ 1. D i r i c h l e t  Problem and Green Formulas 

Let V be  a f i n i t e  region bounded by a c losed Lyapunov s u r f a c e  S, The 

in ternal .  D i r i c h l e t  problem i s  a s  follows: We seek a harmonic func t ion  u ~ i -  the 

region V, i.e., 

which at t h e  boundary s assumes s p e c i f i e d  va lues  $(s):  

The e x t e r n a l  i n f i n i t e  region-with  t h e  boundary s is denoted by Tee T h e  - 
e x t e r n a l  D i r i c h l e t  problem i s  a s  follows. W e  seek a harmonic functiora Ira P 

e 
which at t h e  boundary s s a t i s f i e s  Expression (1- 2). 

- 
* T r a n s l a t o r ' s  note :  S t a t e  I n s t i t u t e  f o r  Standard Experimental Planning a ~ 3  

Technical. Research. 



The method discussed below f o r  solving t h e  boundaq value p r o b 3 . e ~  i s  

based on seve ra l  i n t e g r a l  expressions. For tRa Dir ich le t  and Nemann boundaq  

value problems (both i n t e r i o r  and ex te r io r )  such an expression is  ca l led  the 

Green formula. 

F i r s t  bet w f ind  $he Gauss divergence fheorear which es tab l i shes  the re- 

la t ionship  batwesa the t r i p l e  i n t e g r a l  over tba v o l w  V and the  i n t e g r a l  

over t h e  s u r f a ~ a  S vkach b ~ m d s  t h i s  a rea  [QI. 

Let Ai(x), i 2 q  3, be funcfions which have ceefinuous f i r s t  deriv- 

a t ives  i n  the regiQ'R V. We can use fha f o l l o d n g  rule E91 f o r  computing 

the t r i p l e  %ntagrals, 

For raductlon o f  tha q r i g l e  i n t e g r a l  

t o  a s ing le  w d  d a d l a  i n t eg ra l :  '(1) l e t  us map the  surface S, which bounds 

t he  region V, onto the  plane x,, x, i n  t he  form of the  region 6 ;  (2) l e t  us 
(2) of t h e  points  of en t ry  and exit of determine t h e  coordinates  and x 3 

the  s t r a i g h t  l i n e ,  p a r a l l e l  t o  t h e  ax i s  Ox and passing through t h e  p o i n t  3 
(xy, x ) of t h e  region 6 ;  (3)  i f  we assume x 2 

1,~2 t o  be constants,  we  can 

compute the i n t e g r a l  
x!;" ) 

and then the double i n t e g r a l  
.~!,2' 

dA' and r eca l l i ng  t h a t  the  integrzl of Applying t h i s  r u l e  t o  t h e  function - 
dx, 

the  der iva t ive  is  equal t o  t h e  d i f fe rence  i n  values of t he  primitLve fa:.ction 

at  t h e  upper and lower l i m i t s ,  we obtain 



--- ' A '  d v =  PC[ -.-.ie dA1 dx;  = [A ,  (x,. x,. x t l )  - A, (x,, x.,. x$")] d.r. 
dx, 

-G x l l )  a 7, 

L e t  us divide t h e  surface S i n t o  three par t s :  S is the s e t  of points  
1 

of entry i n t o  the  region V of the s t r a i g h t  l i n e s  p a r a l l e l  t o  t h e  ax i s  Ox 
1; 

S, i s  the s e t  of points  of e x i t  from t h e  region V of t he  s t r a i g h t  l i n e s  p a r a l l e l  
b 

to the +axis Oxl; S3  i s ' t h e  set of points  belonging t o  t he  p a r a l l e l  ax i s  Ox 
1' 

tangent t o  S .  Let us denote by (n x  ) t he  angle between t h e  ax i s  Ox and x' 1 1 
the  outer norsnal nx t o  S a t  t h e  point xES . 

From t h e  t r i v i a l  equations 

dC=cos (n,. x i )  ds fo r  St, do= -cos (n,, xi )  ds f o r  S,, 

where ds i:s the element of S (area of an i n f i n i t e l y  small v i c i n i t y  af the 

point xCS f o r  S) , we f ind  

A,(xl, x,, xp) )  cos (n,, x,)ds+ Al(x,, x,, xp) )  cos (n,, xl )  ds, 

s2 s1 

o r  taking the  f a c t  i n t o  account t h a t  a t  t h e  poin ts  S  3 

c05 (iz,, x,) = 0, 

we find ( the  index x  a t  t he  normal w i l l  be  dropped i n  t he  fu ture)  

After wri t ing  analogous equations f o r  t h e  functions A2 and A3 and 

conbining them, we f ind  ul t imately t h e  Gauss divergence theorem 



Let us note  t ha t  Formula (1.3) is  va l id  a l so  f o r  those regions whose 

boundaries s contain individual  l i n e s  with points  which have no nomah n [ 4 ] ,  

However, the measure (area) of the s e t  of such points  must be  equal t o  zero. 

As a r e s u l t ,  the  exclusion of these poin ts  w i l l  not inf luence the  value of the - /8 
l i m i t  t o  which the  i n t e g r a l  sums tend. I n  p rac t i ce  the boundary :s must cons%st 

of a f i n i t e  number of surfaces such tha t  a normal n e x i s t s  f o r  each interior 

point.  

Let us analyze t h e  ad jo in t  l i n e a r  d i f f e r e n t i a l  operations 

It is no t  d i f f i c u l t  t o  prove d i r e c t l y  t h a t  they s a t i s f y  t h e  following 

equations : 

I f  we assume t h a t  u and v have continuous der iva t ives  up t o  second order 

inc lus ive ly ,  by in t eg ra t ing  (1.4) and taking Formula (1.3) i n t o  account w e  

obtain 

vLu-uL*v) dV= a ,  ( d u  u - u  d u j  +. 2 6,n,uv Q L e 5 )  
V clxi dxi i= 1 

Expression (1.5) is ca l led  t h e  Green formula. Since we obtain from i t  

t h e  so-called fundamental formula of t he  theory of harmonic functions, then 

i t  i s  important t o  know i n  which instances i t  remains val id .  Let t he  functions 

u and v have in tegrable  der ivat ives  of second order which a re  continuous 

only in s ide  the  region V. Thus, f o r  example, when region V approaches the 

boundary s, t h e  second der iva t ives  of the  functions u and v may increase 



without bound, undergoing an i n f i n i t e  discont inui ty a t  t he  boundary points ,  

lit i s  easy t o  show [ b ]  t h a t  i n  t h i s  case the  Green formula remains val id .  Let 

us look a t  t he  region V' which i g  contained in s ide  the  region V along with 

i t s  o m  boundary s f .  Since the  left-hand s i d e  of Formula (1.5) is  integrable ,  

then when 'ir" V the  liat of the  i n t e g r a l  of V ' d o e s  not  depend on t h e  

way that V 9  approaches V and by de f in i t i on  is  an i n t e g r a l  over t he  region 

V, The expression under the  s ign  of t h e  i n t e g r a l  in t h e  rfght-hand s i d e  of the  

Green f o r m l a  is  continuous i n  the region V up t o  i t s  boundary. Therefore, 

when V b  i t he  i n t e g r a l  of t h i s  expression a t  t he  boundary s b o f  t h e  region 

V B  varies continuously and converges t o  a l i m i t  which may b e  only the i n t e g r a l  

ove r  s, But  as  long as  V' # V, Formula (1.5) is  va l id ;  consequently, when 

V' - V i t s  l e f t -  and right-hand s ides  approach the same l i m i t .  

*&en ai2m = 1 ( i , j  = 1,2,3) and bi = 0 ( i  = 1,2,3) ,  i f  we t ake  i n t o  account 

the  fact t h a t  t he  expression 

i n  this case represents  t h e  d i f f e r en t i a t i on  operator i n  the  d i r ec t ion  of the  

outer normal n t o  s, f o r  the  Green f o r m l a  we f ind  

In the two-dimep~ional case, Formulas (1.5) 4 (1.6) ass-, respect ively,  

the following form: 



9 2 .  Pmdathental Fomulh I o k  t h e  Thaog  of Warmonf~ 

Pwctf one. 

Let us analyze the f m c t i o n  

where y and xi (5 ,  - 1,2,3) &re coordinate8 6f the  two points  y arad x, 
i 

W e  can show t h a t  when y # x %t s a t i s f i e s  t h e  Lbpltsce equatioza 

In  f a c t ,  the  f o P 1 o w i ~ ~  expressions are -lid: 

from which w e  fPnd t h a t  

The SurnctPm 

where 9 (a', y) is  h a m n i c  with respect t o  y and continuous along w i t h  i t s  first 

der iva t ives  i n  theregion  8, is  ca l led  the  fundanrental so lu t ion  t o  the I q l a c e  

equation i n  the  region V. Let x not belong t o  the bounded region B, Then, 

the furndmn"cl so lu t ion  r ( x ,  y) is h a m n i c  i n  t h i s  region as a result  of & 
which, a f t e r  subs t i t u t ion  i n t o  t h e  Green Formula (1.6) , 



we f i n d  

This l a t t e r  equat ion f o r  t h e  harmonic func t ion  u assumes t h e  following 

form (bebow we s h a l l  drop t h e  i n d i c e s  a t  t h e  normal and t h e  v a r i a b l e  of i n t e -  

gation) : 

L e t  us  analyze t h e  case  when t h e  p o i n t  x l i e s  i n s i d e  t h e  region V and 

denote by WE a sphere  wi th  an a r b i t r a r i l y  smal l  r a d i u s  E wi th  t h e  c e n t e r  a t  t h e  

point x, l y i n g  completely i n  t h e  region V. Using t h e  Green Formula (1.6) i n  

the region V - W E ,  we o b t a i n  

where W is t h e  s u r f a c e  of t h e  sphere  W . With regard t o  t h e  express ion f o r  
1 E 

the f u n d m e n t a l  func t ion  I', t h e  t h i r d  i n t e g r a l  i n  t h e  right-hand s i d e  of t h i s  

l a t t e r  equat ion assumes the  following form: 

d d 
Taking i n t o  account t h e  f a c t  t h a t  on t h e  s p h e r i c a l  s u r f a c e  W ,  -=-- 

dn dr 
Qn is the o u t e r  normal), r = E ,  and t h a t  t h e  f i r s t  i n t e g r a l  i n  t h e  right-hand 

side of the l a s t  equat ion vanishes  when E -t 0, we f i n d  

o r  by using t h e  mean va lue  theorem and t h e  equa t ion  

D ds = 4i i  e2, 

w 1 

w e  u l t i m a t e l y  f i n d  t h e  following asymptotic equat ion:  



lim [ [u  ds=lim 
E-0 ..., dn E-o 4m2 

w, w 1 

where u is the  value of the  function u a t  a ce r t a in  point belonging t o  the 
av 

sphere W E . 

The f i r s t  i n t e g r a l  i n  the  right-hand s i d e  of Expression (2.21, when E+O 

approaches the  improper i n t e g r a l  

i f  t h i s  l a t t e r  e x i s t s ,  and t h e  second i n t e g r a l  i n  the  right-hand s i d e  of  ( 2 - 2 )  

vanishes when E ~ O  

dU 
s ince  the der iva t ive  - is  continuous (based on t h e  assumption used in 

dn 
deriving the  Green formula) and consequently is  bounded, and the  f m e t i a n  r 
increases  when EJO on W, as  1 / ~ ,  whereas the area of the surface W, 

2 I L 

decreases a s  E . 

Subs t i tu t ing  Equations (2.3) - (2.5) i n t o  (2.2) we f ind  

This l a t t e r  equation fo r  t h e  hannonic function u assumes the  fol lowing 

form: 

Let u s  f i n a l l y  analyze the  case when the  point  x i s  located a t  the  

boundary of t he  surface S. Let us denote by Wc' t he  p a r t  of t he  sphere id  
E 

which l i e s  i n  t he  region V and use the  Green Formula (1.6) i n  t h e  region 

v - W E t  



where W is t h e  p a r t  of the  bormdaw s, l y i n g  i n  the sphere  We: W3 i s  the  2 
pare of the s u r f a c e  of t h e  sphere  W G  Jying In  the region V, 

Repeqting q l l  t h e  argurrrants a f  The psevioua case,  wa raw% have the 

value of the i n t e g r a l  [[ds 9 equa l  f o  t h e  area of t h e  part of t h e  s u r f a c e  

W B  

of the sphere WE which l i e s  i n  t h e  reg ion  V, To computa t h i s  i n t e g r a l ,  l e t  

us  in t roduce a t  po in t  x 4 l o c a l  system ~f coordinates  ti, $,,g8, with  C 3  directed 

along the o u t e r  normal f o  t h e  s u r f a c e  S a t  po in t  x, We s h a l l  assume t h a t  

t he  equatinn f o r  the s u r f a c e  S i n s i d e  %he sphere  WE caq be written i n  t h e  f ~ m  

where ths  fwnctlon f and i t s  f i r s t - o r d e r  d e r i v a t i v e s  are continuaus and 

vanish a t  p o 4 ~ l :  x .  We can show 143 t h a t  any s u f f i c i e n t l y  smooth s u r f a c e  can 

be described $n the form of (2.8) i n  a sphere  of s u f f i c i e n t l y  small rad ius .  
/ 12 
7 

Expw+dtng tha fwct ien f(i1, i n  a Taylor s e r i e s  i n  t h e  immediate v i c i n i t y  

of g ~ $ n t  w ~4 t&ing i n t o  account a l l  f i r s t - o r d e r  terms, we f i n d  t h e  

fo i lowin8 re4~$$onah ip  

where 1: 1 c 1 / 2 I$/, f':, (ti, ia) (i= I *  2) are t h e  va lues  of t h e  d e r i v a t i v e  of t h e  

function P w i t &  respec t  t o  v a r i a b l e  t i  a t  t h e  p o i n t  (gl, g2) and on t h e  s t r e n g t h  

sf the abov@, they vanish simultaneously w i t h  k ,  5 2  . S u b s t i t u t i n g  i n t o  (2 -9 )  

the values ii ( i=+l ,  2, 31, e w r e s s e d  w i t h  t h e  a i d  of t h e  s p h e r i c a l  coordinates  



we f ind  

cos fj = f'<, sin 0 cos cp'+ f ) ;2 sin 0 sin cp = 11 (r, 6, c p ) ,  

where h is  a function which i s  bounded and vanishes simultaneously w i t h  r, 

and f3 i s  an angular coordinate of t he  point  on the  surface S. Now l e t  us 

concern ourselves with computing t h e  i n t e g r a l  t h a t  is of i n t e r e s t  t o  US 

- 

1 h jc, ), cp)dq= -- j - H  (a), 
2 

0 
where 

i s  a bounded function which vanishes simultaneously with E. Taking (2,101 

i n t o  account and using the  mean value theorem f o r  t h e  t h i r d  in t eg ra l  i n  the 

right-hand s i d e  of (2.7) we f ind  the  following asymptotic equation: 

Applying the  arguments of t h e  previous case ( s€V-S) ,  t o  t he  other t w o  

i n t eg ra l s  i n  t he  right-hand s i d e  of Expression (2.7), we f ind  t h e  re la t ionship  

which f o r  t h e  harmonic function u takes the  form 



After combining Formulas (2 . l )  , (2.6) and (2.11) i n t o  one, we f i n d  t h e  

basic f o r n u l a  f o r  t h e  theory of harmonic func t ions  

10 when x c V ,  

( u  ( x )  when x < V - S .  
Fornula  (2.12) remains i n  f o r c e  i f  V i s  an i n f i n i t e  region wi th  a f i n i t e  

boundary s. For t h i s  l e t  us analyze t h e  sphere  W of f i n i t e  rad ius  p ,  conta ining 

t h e  boundary s i n s i d e  i t s e l f .  The i n t e r s e c t i o n  ( p a r t )  of t h e  regions  V and W 

can b e  denoted by V*. A f t e r  us ing Formula (2.12) i n  t h e  region V*, we a r r i v e  

at a f ~ r m u l a  whose lef t -hand s i d e  w i l l  d i f f e r  i n  form from t h e  lef t -hand s i d e  

of Formula (2.12) i n  t h a t  t h e  i n t e g r a l  

is added t o  i t ,  where W i s  t h e  s u r f a c e  W of t h e  sphere.  
4 

To prove t h a t  t h i s  i n t e g r a l  equa l s  zero ,  we must know t h e  asymptotic 

behavior of  t h e  harmonic func t ions  a t  i n f i n i t y  [ 4 ] :  t h e  f u n c t i o n  u,  which is 

harmonic i n  t h e  i n f i n i t e  reg ion ,  s a t i s f i e s  t h e  i n e q u a l i t y  

where 

I n e q u a l i t y  (2.14) is  a simple c o r o l l a r y  of Kelvin 's  theorem 141. Taking 

( 2 - 1 4 )  into account and determining t h e  fundamental s o l u t i o n ,  we conclude t h a t  

when o -+ = t h e  in tegrand  i n  (2.13) decreases  a s  l / p 3 ,  whereas t h e  a r e a  of t h e  
2 

s u r f a c e  W of t h e  sphere  W i n c r e a s e s  a s  p . Passing t o  t h e  l i m i t  when p -t =, 
4 

we again f i n d  Formula (2.12) . 



I n  t h e  two-dimensional case ,  t h e  func t ion  

i s  c a l l e d  t h e  fundamental s o l u t i o n  t o  t h e  Laplace equation,  where r(x,y)! i s  the 

d i s t a n c e  between p o i n t s  x and y on t h e  p lane ,  and cp(x, Y) is a func t ion  whf eh 

i s  harmonic i n  t h e  two-dimensional region V wi th  r e s p e c t  t o  t h e  coordinates  of 

t h e  po in t  y.  It i s  easy t o  prove t h a t  when x y t h e  func t ion  I n  l f r  is  - / 1; 

harmonic f o r  t h e  coordinates  of p o i n t s  x and y. 

The fundamental formula of t h e  theory of harmonic func t ions  f o r  the  

two-dimensional bounded region V h a s  t h e  fol lowing form: 

1 0 when X C  V ,  
1 I ( 1. :;--uf;-) ds = 1 - - U ( X )  when X C S .  
2 

It is  der ived completely i n  analogy wi th  Equation (2.12),  and t h e r e f o r e ,  

we s h a l l  n o t  g ive  its der iva t ion .  

I n  t h e  two-dimensional case ,  we must e s p e c i a l l y  analyze [4]  the case o f  the 

i n f i n i t e  region wi th  a f i n i t e  boundary s. Le t  us look a t  t h e  f i n i t e  regicn V 1' 
included between t h e  boundaries S and C ,  where C i s  a c i r c l e  of r ad ics  a w i t h  

t h e  c e n t e r  a t  t h e  o r i g i n ,  encompassing S. L e t  us use Formula (2.6) i n  the 

region V1 
1 I [(duln--n 

2n _ dn r 
n 1 3  17\ 

where R is  t h e  e n t i r e  plane.  ( u ( x )  when x  V ,  

du 1 
I f  we assume t h a t  ;i;; '" 7 vanishes  no more slowly than 



we find t h a t  

d l  1 
Since on t h e  c i r c l e  C --In-= --, then t h e  i n t e g r a l  

.dn r a 

approaches the "mean value  of t h e  func t ion  a t  i n f i n i t y "  

S u b s t i t u t i n g  Formulas (2.18) and (2.19) i n t o  (2 .17) ,  we f i n d  t h e  fundamental 

f o r n u l a  f o r  the  harmonic func t ions  i n  t h e  i n f i n i t e  two-dimensional region 

S u(x )  when X G  V.  

S u b s t i t u t i n g  i n t o  Formula (2.12) t h e  va lues  

we f i n d  the Gauss formula 

- 4 ~  when x ~ V  

0 when x < V,. 

In  the two-dimensional case ,  t h e  Gauss formula has  t h e  form 

( -2% when x V 
d l  cos cp -- ds= --% when x € s  I n  = 

dn 
s 0 when x V,, 



where 4 i s  t h e  angle  between d i r e c t i o n s  n and r. 

Le t  us denote by 

du (5)  du ( B  
-s - 
dn, dn, 

t h e  l i m i t i n g  va lues  of t h e  d e r i v a t i v e s  of u(x)= - ds i n  t h e  d i r e c t i o n  sf the J: 
normal when t h e  p o i n t  x approaches 5 E S  from o u t s i d e  S and from inside S respee- 

t i v e l y  and by du/dno t h e  value  of t h e  d e r i v a t i v e  wi th  r e s p e c t  t o  t h e  nornal of 

t h e  express ion f o r  t h e  p o t e n t i a l  of a s i n g l e  l a y e r  (2.23) a t  t h e  po in t  x = t C S ,  

The va lues  du(S)/dne and du(S)/dni a r e  c a l l e d  [ 4 ] ,  r e s p e c t i v e l y ,  the outer 

and i n n e r  normal d e r i v a t i v e  of t h e  p o t e n t i a l  of a s i n g l e  l a y e r  a t  the p o i n t  5, 

and t h e  va lue  du/dn i s  t h e  t r u e  v a l u e  of t h e  normal d e r i v a t i v e  a. t  this same 
0 

po in t .  I f  we use t h e  c o n t i n u i t y  a t  p o i n t  5 of t h e  Expression [ 4 ]  

where d/dn i s  d i f f e r e n t i a t i o n  wi th  respec t  t o  t h e  o u t e r  normal t o  s a t  point 
0 

5,  d/dn i s  d i f f e r e n t i a t i o n  wi th  respec t  t o  t h e  o u t e r  normal a t  a variable point. 

of  t h e  s u r f a c e  S, po = p(S) and t ak ing  i n t o  account t h e  Gauss Formula ( 2 . 2 1 ) ,  

we f i n d  

du (5) du (5) Zrp (i), 
1--- - 

dn,  dn,  

ftu(E)=d"9 + Z,, (& 
dni dn, 

I n  t h e  two-dimensional case ,  t h e  analogous r e l a t i o n s h i p s  have 13he form 

(5)  du (8 - rp (t), .- - P-- 
dn, dn, 

dL.4 - (5)  - - du (5) + ap (i). 
dn, dn, 



§ 3 .  Some Concepts of Funct ional  Analysis 

Let us in t roduce  some concepts [7]  of f u n c t i o n a l  a n a l y s i s ,  which w i l l  b e  

used i n  the f u t u r e .  

The set  R of elements x ,  y ,  z . . .  i s  termed l i n e a r ,  i f  i n  i t  we def ine  t h e  

operations of a d d i t i o n ,  denoted by a "+I1 s i g n  and m u l t i p l i c a t i o n  by numbers 

(real  o r  complex), which do n o t  go beyond t h e  li,mits of R and which s a t i s f y  

the following condi t ions  : 

1, Addition i s  a s s o c i a t i v e ,  i . e . ,  ( x  + y) + z = x + (y + z ) .  

2, There e x i s t s  a  ze ro  element 0 such t h a t  x + 0 = 0 + x = x f o r  any xE R .  

3. Addition i s  commutative: x  + y = y + x. 

ere j a + p ) x = u x + y x .  

5. a ( x + y ) = c x x + a y .  

6. a ( p x ) = ( u y ) x .  

7 .  1 * x = x .  

Here t he  L a t i n  l e t t e r s  denote elements of R, and t h e  Greek l e t t e r s  denote 

numb e rs ., 

We s h a l l  say t h a t  s c a l a r  product i s  def ined i n  t h e  l i n e a r  s e t  R i f  corres-  

ponding to each p a i r  of i t s  elements x and y ,  taken i n  a  given o rder ,  t h e r e  is  

a complex number (x ,  y ) ,  t h i s  number is  c a l l e d  t h e  s c a l a r  product of t h e s e  

elements arid s a t i s f i e s  t h e  following condi t ions  : 

3 ,  The s c a l a r  products (x,y) and (y ,x) a r e  complex conjugate numbers 

- 
(4 Y)=(Y ,  x) .  

2 ,  For  any elements x,  y, z c  R and any complex numbers a and a t h e  1 2 
f o l l o w i n g  equation i s  v a l i d  



3.  The s c a l a r  product of t h e  element x by i t s e l f  i s  a nonnegative number, 

equal  t o  ze ro  only when x = 0 ,  i .e . ,  ( x ,  x) - > 0. 

The s e t  R is c a l l e d  a m e t r i c  space i f  f o r  any two of i t s  elements x and y 

t h e  concept of d i s t a n c e  p(x ,  y)  i s  def ined t o  s a t i s f y  t h e  following conditions: 

1. p (x, y) > 0 and p (x ,  y)  =O when and only  when x coincides  wi th  y . 
2 P (x9 Y) = p (y, 4 * 
3 .  p (s, y) 9 p (x, z)+p (2, y)  f o r  any t h r e e  elements x ,  y ,  z ,  belonging t o  R 

( t r i a n g l e  axiom) . 

The s e t  D of m e t r i c  space R i s  termed dense i n  t h e  s e t  D , c R ,  if f o r  each 

XED, and a > O  t h e r e  i s  a p o i n t  z C D  such t h a t  p(x, z ) < ~ .  It i s  c l e a r  tha t  

t h e  concept Of d e n s i t y  is  t r a n s i t i v e  [ l l ] ,  i f  D i s  dense i n  D and D i s  dense 
0  B 

i n  D ,  then D i s  dense i n  D Here, of course,  i t  is assumed t h a t  t h e  rnetrics 1 0 ' 
are f ixed .  

Metr ic  space is  c a l l e d  s e p a r a b l e ,  i f  it inc ludes  a denumerable dense 

subse t .  

The l i n e a r  s e t  R i s  c a l l e d  a normalized space i f  t o  each element xCR a 

r e a l  number 11 x  11 3 0  is a s s o c i a t e d ;  t h i s  number i s  c a l l e d  t h e  norm of the 

elements x ,  and t h e  fol lowing condi t ions  a r e  s a t i s f i e d :  

1. I lxI I  -0 when and only when x = 0. 

2. l l A x ~ l = ~ A ~ l l x l l .  

3.  ! I ~ + Y I I  I l X I I  + I IYII .  

The sequence (x,) of p o i n t s  of m e t r i c  space R i s  c a l l e d  self-convergent i f  

F (xmr xn)-+O when m, n-tw , i . e. , p (x,, x,)< E when ,m, n > Ne . 



The m e t r i c  space R is  c a l l e d  complete i f  each self-convergent sequence 

{x 3. converges, i. e .  , a po in t  i , E  R e x i s t s  such t h a t  x,-sx,. 
3 

The normalized space R is  c a l l e d  u n i t a r y  i f  i n  i t  we can in t roduce  a  s c a l a r  

product assoc ia ted  wi th  the  norm by t h e  r e l a t i o n s h i p  

(1) %e complete u n i t a r y  space i s  c a l l e d  a  H i l b e r t  space . 

For i n t e r p o l a t i o n  of t h e  spaces  L' we must have t h e  concept of a  measurable 

func t ion  and a  measurable s e t .  Here we s h a l l  assume t h a t  we know t h e  concept 

of the o u t e r  measure [8] of t h e  s e t .  

The set R i s  c a l l e d  measurable i f  i t  can b e  c losed by an open s e t  D such 

t h a t  the o u t e r  measure of t h e  d i f f e r e n c e  R - D is a s  smal l  a s  des i red .  

The func t ion  f ( p )  given on t h e  measurable s e t  R is c a l l e d  measurable i f  

f o r  any 9-etal a t h e  s e t s  D[f - > a ] ;  D[f < a ] ;  D[f > a ] ;  D[f - < a ]  a r e  measurable. 

The symbol B[f 2 a ]  denotes a  set of those  p o i n t s  R f o r  which t h e  cond i t ion  

contained i n  t h e  b r a c k e t s  i s  s a t i s f i e d .  

P  By t h e  space L ( s )  we mean a  set of a l l  measurable func t ions  given on t h e  /18 
measzrable s e t  S, t h e  Rth power of t h e  modulus of which is  i n t e g r a b l e  i n  t h e  

Lebesgue sense ,  i . e . ,  i f  f CLp, then I f L(s). The norm i n  t h e  space LP(s) i s  

i n t e r p o l a t e d  from t h e  formula 

'l '~ometimes [5 ]  t h e  fol lowing d e f i n i t i o n s  a r e  used: t h e  l i n e a r  space R 
i s  c a l l e d  a H i l b e r t  space i f  i t  is  separab le  and i f  a  s c a l a r  product i s  i n t r o -  
duced i n  It. This d e f i n i t i o n  i s  n o t  equ iva len t  t o  t h a t  given above. I n  [7 ]  
and [I01 examples of nonseparable H i l b e r t  spaces a r e  c i t e d .  



It s a t i s f i e s  t h e  following i n e q u a l i t y  : 

N,(f ,  g) 4 Np ( f )  AT,' (g), 

where p and p '  a r e  a d j o i n t  i n d i c e s :  l / p  + l/p" 1 i s  t h e  Hiilder i n e q u a l i t y  

[8] (when p = 2 i t  i s  t h e  Buniakowski-Schwartz i n e q u a l i t y ) ;  

i s  t h e  Minkowski i n e q u a l i t y  [ 8 ] .  

When p -t m 

where Max I f  1 denotes t h e  i n t r i n s i c  upper bound [ l l ]  of I f  1 , i . e .  ,, the least  

va lue  of q such t h a t  I f /  2 q almost everywhere. Therefore ,  LW i s  denotes as 

a c l a s s  of i n t r i n s i c a l l y  bounded func t ions  o r  func t ions  of bounded 

func t ions .  Let us no te  t h a t  i n  t h e  space C of a l l  continuous func t ions  of the 

norm N ( f )  = Max If 1 ,  NC(f) = Max ( f )  i s  a l s o  def ined bu t  h e r e  M a r  i s  the  c 
ordinary maximum. 

n 
The s e t  of a l l  p o s s i b l e  elements such as A i r p i ,  where X are. arbitrary 

i= 1 i 

r e a l  numbers, i s  c a l l e d  t h e  span of t h e  system I@n}. 

When n = 1, 2,  ..., l e t  (@,(s)} represen t  a system of nonzero functions o f  

~ ~ ( s ) .  I f  

( 2 ) ~ h e  func t ions  f and g a r e  c a l l e d  equ iva len t  i f  f = g almost everywhere. 



when n + nn, then we say  t h a t  (4 1 is an or thogonal  system on s. I f  furthermore,  
n 

for all a,  then w e  say  t h a t  (4 1 forms an or thogonal  normalized (orthonormal- 
n 

i z e d )  system on S. 

The system I$,(s)] i s  c a l l e d  [ l l ]  complete i n  L'(s), where 1 - < p - < =, o r  
P in C i f  no nonzero func t ion  e x i s t s  from L ( s )  o r  C(s) t h a t  is or thogonal  t o  

each (8 i - e , , ,  i f  f o r  f€LP(s) (fEC(s)),' 
n9 

we imply  f E 0. Since,  i f  f€Lq(s), then f ~ ~ p ( s ) l ( 3 ) ,  where 'b 5 d; then from - 119 

the d e f i n i t i o n  of completeness i t  fol lows t h a t  i f  {4,1 is complete i n  ~ ' ( s )  
9 then i t  is complete i n  C and L ( s )  when q < p. 

P The system of func t ions  from L ( s )  ( o r  C) is c a l l e d  [ll] closed i n  

L~(S) ( o r  C )  i f  t h e  span of t h e  system { # I  1 i s  dense i n  L'(s) ( o r  C). 
n 

The following s ta tement  w i l l  be  used o f t e n  and t h e r e f o r e ,  we formulate i t  

as a theorem. 

- 

13'bor proof of t h i s  assumption consider  t h e  i n t e g r a l  

where j sl i s  t h e  s i z e  of t h e  s e t  s ,  and 



Theorem 3.1. A n  orthonormalized system vi(M)> obtained f r o m 2  

complete (c losed)  system, is complete (c losed) .  

Let  us prove t h e  following theorem [ l l ] .  

Theorem 3.2. I f  @ , = ~ y r n Y ,  is a c e r t a i n  polynomial of t h e  orcko- 
m=O 

normalized system ('9, \, then 

where C are Four ie r  c o e f f i c i e n t s  of t h e  func t ion  f f o r  t h e  system \qn] a m 
Considering t h e  easy-to-prove equat ions  

we ob ta in  

The fol lowing theorems a r e  a d i r e c t  consequence of t h e  proved theorem. 

Theorem 3.3. O f  a l l  t h e  polynomials @, of a given o rder  the best ma-n 

square  approximation of t h e  func t ion  is given by t h e  Four ie r  polynomial 
n 

and t h e  following express ions  are v a l i d  
n 

N:=(f--f.)=N:(f)-- C CI,. 
m==O 

The fol lowing important theorem, which is  given without p roof ,  will be 

used below. 



L_;<<m 
Theorem 3 . 4  (Ritz-Fisher)  [ l l ]  . Let n=O -- . Then a func t ion  f  fi 

'3 

e x i s t s  from LL(s)  which has  i ts  own Four ie r  c o e f f i c i e n t s  C . Furthermore, 
2 

fn-+/: in t h e  sense  of t h e  m e t r i c  L ( s )  , i . e . ,  

and 

Theorem 3.5 is a d i r e c t  c o r o l l a r y  of t h e  Ri tz-Fisher  theorem. 

Theorem 3.5. I f  t h e  orthonormalized system ((9,) is complete, f G L 2 ( ~ )  

and 1C (n = 1,2, .  . .) i s  a Four ie r  c o e f f i c i e n t  .of t h e  f u n c t i o n  f  f o r  t h e  system 

yiz 1 , then f  and C s a t i s f y  (3.1) and (3.2).  
_11____._11 

In f a c t  on t h e  s t r e n g t h  of Theorem 3 .3  Ci < co and f  is equ iva len t  t o  2 
the f ~ l n c t i s n  f  i n  t h e  Ritz-Fisher theorem. n=O 

2 
Let us prove t h a t  c l o s u r e  and completeness of equivalent  i n  L ( s ) .  

L 
Theorem 3.6. The system of func t ions  from L ( s )  is c losed when and only 

On the s t r e n g t h  of Theorem 3.1, i t  is  s u f f i c i e n t  t o  prove equivalence 

for the system { (P, 1 , obtained a f t e r  or thonormal izat ion.  

L e t  I q,, } be  complete and f E L2 , t h e n  according t o  Theorem 3.5, [,,-sf 

2 
in the sense of t h e  m e t r i c  L ( s ) .  Hence, on t h e  s t r e n g t h  of t h e  d e f i n i t i o n ,  

the closure follows. 

Let j TI , )  be c losed and a l l  Four ie r  c o e f f i c i e n t s  of t h e  f u n c t i o n  be equa l  

t o  zero ,  We must prove t h a t  f 5 0 (completeness). Since { (9,) is  c losed ,  then  

a sequence of polynomials Q, e x i s t s  such t h a t  O,,+f i n  t h e  sense  of t h e  m e t r i c  



2 
E ( s ) ,  i . e . ,  Nz(f--o,L)+-O, b u t  on t h e  s t r e n g t h  of Theorem 3.3, Nz( f - - f n )=O,  

But fn  = 0 and t h e r e f o r e ,  Nz(f)=O, f ~ o  and t h e  completeness of t h e  system 

{ 9,) is  proved. 

Let  us g ive  wi thout  proof analogous theorems f o r  t h e  spaces  which will 

be  used below. 

P Theorem 3.7. El l ] .  I f  I < p <  co and { y,) i s  c losed i n  L ( s )  , then i t  i s  

complete i n  I,". 

Theorem 3 .8  [ l l ]  . I f  I -s p < co and { y, ) is complete i n  LP ( s )  , then i t  i s  - 
P' c losed  i n  L . 

When p = 1 Theorem 3 . 8  is n o t  v a l i d .  

Below we s h a l l  use t h e  fol lowing Theorem [ l l ] .  

Theorem 3.9. I f  ~ G P < ~ u ,  t 

Lq(s) ( p < q <  a), and a l s o  t h e  s e t s  of bounded B(s) , of continuous C(s) which have 
P a continuous kth d e r i v a t i v e  of t h e  Ck func t ion  a r e  complete i n  L ( s 2 ,  

Using Theorem 3.9, we can prove t h e  fol lowing theorem. - i 2 l  

Theorem 3.10. I f  t h e  system { '9, (M) ) is  c losed i n  L' ( s )  and 1 K q < p , 
then t h e  system I yi(M) 1 is a l s o  c losed i n  Lq(s) .  For proof l e t  us Look a t  the 

mean value  of t h e  f u n c t i o n  f i n  t h e  i n t e r v a l  (a ,b)  wi th  t h e  index p Ill!, 

The mean va lues  have t h e  p roper ty  El l ]  

M ,  ( f )  4 M ,  ( f )  when q<1 P. 



Let. us n o t e  t h a t  t h e  norm N ( f )  does n o t  have t h i s  proper ty .  Let 
P 

/cL?(s) ; then  according t o  Theorem 3.9  we f i n d  such a  func t ion  g € ' ~ ~ ( s )  t h a t  
I 

M&-g)<- E .  But { V'i (M)  i is closed i n  L' ( s )  and t h e r e f o r e ,  t h e r e  exists such 
2 

a p o l y n o d a l  $, t h a t  

I f  we t a k e  i n t o  account t h e  t r i v i a l  equat ion 

and the mean value  p roper ty ,  we f i n d  

1 1  --- 
N,, ( f )  4 (b--a)q P N P  (f) .  

Theref o re ,  consider ing Minkowski ' s i n e q u a l i t y  , we have 

j e t  us n o t e  t h a t  i f  {cp,}  is closed i n  C(sl) I t h e n  it a l s o  is  c losed i n  

L w e  1 G P  <co (but n o t  n e c e s s a r i l l y  c losed i n  L" ) . 

L e t  G be a c e r t a i n  subspace of t h e  H i l b e r t  space R, formed by t h e  

system 1 cp,) (G is t h e  span of t h e  system {cp, \ )  . We can prove t h e  following 

theorem, 

Theorem 3.11 [ l o ] .  I f  t h e r e  e x i s t s  i n  G an element (vec to r )  y ,  which i s  

the least  d i s tance  from x c ~  (X does n o t  belong t o  G), then  t h e  v e c t o r  x-y - 



independent vectors  Ql, y 2 ,  .... yn f o r  the  square of t h e  e r r p r  with which the 

vector  y approximates the  vector  x ,  we have 

where 

.... is  the  Gram determinant of t h e  system of vectors  '91, Y2, Qn. 

Let us assume t h a t  a vector  f e x i s t s  i n  G f o r  which 

(x-9, f )=r * 0, 

and analyze the vector  

For z we have 

and t h e  r e su l t an t  contradict ion (on the  assumption t h a t  y is a near  po in t  to x) 

proves the  f i r s t  pa r t  of t h e  theorem. For proof of (3 .3)  we wr i t e  in detail 

t he  equations 

(x-Y, %)=O, k = ( l ,  2. .... n), 

using the  expression f o r  y ,  



2 Taking (3.4) i n t o  account,  f o r  6 we f i n d  

SZ = (x-y,  x- y )  - (x- y ,  x)-(x- y, I / )  = (x- y,  X) = ( x ,  x)--Uv 

o r  expanding t h e  express ion (y,x) 

(x' X )  -9" = ai (cpi, x).  C 
i -  1 

Co&ining (3.6) wi th  System (3.5) we f i n d  a system of n + 1 equat ions  wi th  

n unknowns (aL, u2, ... , a,,). 

To so lve  t h i s  system it is  necessary  and s u f f i c i e n t  t h a t  t h e  rank of 

i t s  aatrix be equa l  t o  t h e  rank of t h e  resolved mat r ix  

Hence w e  f i n d  t h a t  A = 0 and 

We can prove t h a t  

where m < n and Q I ~  CP., ... , (P, a r e  l i n e a r l y  independent vec to rs .  

It i s  obvious t h a t  



and 

Taking i n t o  account t h e s e  lat ter  i n e q u a l i t i e s ,  from (3.7) we find 

Since G(yp yi+, , ... , yi)>O ( j <  1) , t h e n  (3.9) can be w r i t t e n  i n  the f o m  

Thus, 

9 4. Linear  Independence and Completeness of Severa l  Systems 

of Harmonic Functions.  

Proof of convergence of t h e  approximate method discussed below for 

so lv ing  t h e  Problem (1.1) - (1.2) i s  based on t h e  l i n e a r  independence 2nd 

completeness of a c e r t a i n  system of harmonic func t ions .  Therefore ,  w e  shall 

give s e v e r a l  p roofs  f o r  completeness of t h i s  system. 

Le t  6 ,  be a region wi th  a s u f f i c i e n t l y  smooth boundary S ( i t  i s  suf f i c f  ent ,  
I 

f o r  example, t h a t  S be  a Lyapunov s u r f a c e  1 (4) )  which completely inc ludes  ihe  

(4) A 1 1  t h e  m a t e r i a l  d i scussed  below is v a l i d  a l s o  f o r  t h e  two-dinlension- 
a l  region.  I n  t h e  l a t t e r  case  only t h e  System [I-31 of func t ions  

(bnr(M,,M)J which d i f f e r s  from (4.1) i s  analyzed. 



r eg ion  G and t h e  minimal d i s t a n c e  from S t o  S be g r e a t e r  than ze ro ,  i . e . ,  t h e  
1 

surface S i s  no t  tangent t o  t h e  s u r f a c e  S. 1 

L e t  us in t roduce  t h e  d e f i n i t i o n :  

where M,(S ,  a r e  elements of t h e  denumerable set of p o i n t s  which a r e  everywhere 

dense on the s u r f a c e  S 
1 ' 

Theorem 4 , l  The system of func t ions  ( o i ( M ) }  i s  l i n e a r l y  independent on t h e  

curve 5, i,e,., f o r  any N from t h e  equat ion / 24 - 
N 

w,~, (M) E 0, M € S  

i t  f ol2aws t h a t  

where  all k, a r e  whole numbers. 
I 

L e t  US assume t h e  oppos i t e :  l e t  t h e r e  be found such bounded number C 
i 

w1.1ish are not  a l l  equal  t o  ze ro  t h a t  f o r  a c e r t a i n  N Expression ( 4 . 2 )  is  s a t -  

i s f i e d  and a c e r t a i n  C # 0 (r ( N). From (4 .2 )  and t h e  theorem of uniqueness r 
for the D i r i c h l e t  problem i t  fol lows t h a t  

and from the a n a l y t i c i t y  of t h e  lef t -hand s i d e  of ( 4 .3 )  i t  fol lows t h a t  

N 

ci w,, (M)  EO, M t GI. 
i = l  

L e t  M approach Mk . Then I C,okr J-+co, and a l l  o t h e r  terms i n  ( 4 . 4 )  remain 
r 

bounded, thus c o n t r a d i c t i n g  Equation ( 4 . 4 )  and consequently our  assumption 

t h a t  cr i 0, 



From Theorem 4 . 1  t h e r e  follows t h e  v a l i d i t y  of t h e  fol lowing theorern. 

Theorem 4.2. W e  can cons t ruc t  such a system of func t ions  y i  ( i E / i )  ; 
orthonormalized on S such t h a t  

where AiPk a r e  t h e  c o e f f i c i e n t s  of or thonormal izat ion.  

The system { y i (M)J  can be  cons t ruc ted  [5] success ively .  Since t h e  

s y s  tent ( wi ( M )  ) is l i n e a r l y  independent, then  

Therefore ,  we have 

It is  c l e a r  t h a t  cpl(M) i s  normalized. Le t  us cons t ruc t  t h e  elements 
- 
cp2(M) = w, (/MI i- a*,, y, orthogonal  t o  

For a,,, we f i n d  the  equat ion 

From t h e  l i n e a r  independence of t h e  system ( wf ( M ) \  it d i r e c t l y  f s f . l s w s  

t h a t  



Therefore, we have 

which gguar.mtees both  normal izat ion of t h e  element cp,and o r thogona l i ty  of 

Tn and Y 2  . Let u s  cons t ruc t  t h e  orthonormalized elements 'PI, 'Pz, - - ,  TI, . The 

next element w i l l  b e  sought i n  t h e  form 

where 

The c o e f f i c i e n t s  i (i=1,2, ... , k) a r e  determined from t h e  cond i t ion  

of o r thogona l i ty  l/%+, ds=0 (i=1,2,. .. , k )  . We f i n d  
S 

From Expression ( 4 . 7 ) ,  i f  we t a k e  i n t o  account t h a t  'PI, cp,, . . . , 'Ph do n o t  con ta in  

o,,, , i t  fol lows t h a t  t h e  denominator of t h e  right-hand s i d e  of (4 .6 )  is 

nonzero. Thus, we cons t ruc t  any element of t h e  orthonormalized s y s  ten {cpi ( M ) )  . 
To obtain Expression (4 .5 )  we m u s t  s u b s t i t u t e  t h e  values  qp,, cp,,.... cp,, i n t o  (4 .6 )  

expressed through w , . wk . Theorem 4.2 is  proved. 

The a lgor i thm descr ibed above g ives  rp,(M) i n  t h e  fol lowing form: 

As will be  shown i n  95, of t h i s  Chapter [ f o r  t h e  discussed approximate method 

(pi ( M )  ]we must b e a r  i n  mind (4 .5 )  because AiSk d i r e c t l y  p a r t i c i p a t e s  i n  

t h e  algorithm of t h e  so lu t ion .  From (4 .8 )  , we can o b t a i n  t h e  c o e f f i c i e n t s  



Aik of Expression (4.5). I n  f a c t ,  i t  is  easy t o  prove t h e  followfng ewressioi?: 

Since i n  any computercenter  t h e r e  a r e  s t andard  subprograms f o r  computing the & 
i n t e g r a l  w i t h  any preass igned accuracy and f o r  computing t h e  deteli~~inanra;, then 

from t h e  viewpoint of s i m p l i c i t y  of ca r ry ing  out machine computation., the f s lBo~r -  

i n g  a lgor i thm f o r  computing t h e  c o e f f i c i e n t s  A possesses  a c e r t a i n  advantage i , k  
over  t h a t  desc<i .ed above. Ai,k a r e  computed from t h e  following expression i"63 

I] @: ds, (olw2 ds. .... ]/@I@.-, ds. 01 

I[ h, 11 ds. .... 11 020n-, ds, w, 

.... . where G is t h e  Gram determinant of t h e  func t ions  @,, w,, on n 

The i n t e g r a l s  i n  (4.10) and (4.11) a r e  taken on t h e  s u r f a c e  S, 

Let  us prove t h e  fol lowing assumption. 

Theorem 4.3. The Gram Determinant (4.11) f o r  t h e  l i n e a r l y  

system { wi(M))  is  nonzero. 



Let us assume t h e  opposite.  Let  Gn = 0. We can analyze t h e  system of 

lineal equat ions r e l a t i v e  t o  a (a19 a,, . . . , an) w r i t t e n  i n  v e c t o r  form 

Since t h e  determinant of t h i s  system is equa l  t o  zero ,  then  t h e r e  e x i s t s  

a n o n t r i v i a l  s o l u t i o n  a (al, u2,, .., , an) . 

L e t  us show t h a t  

But s i nce  "1, "2, .. . a,, are n o n t r i v i a l  s o l u t i o n s  t o  System (4.13), it i s  then /27 
clear tha t  

and therefore 6 = 0 o r  

9"m eesu2tant  c o n t r a d i c t i o n  ( l i n e a r  dependence of t h e  system {wi(M)I) proves 

Theorem 4.3 ,  

However, we must n o t e  t h a t  wi th  t h e  approximate method (with a  f i n i t e  

a d e r  of d i g i t s )  f o r  accomplishing t h e  above a lgor i thms t h e  f i r s t  approach 

possesses a s u b s t a n t i a l  advantage. This problem w i l l  b e  analyzed below. 



Let us prove t h e  fol lowing theorem. 

Theorem 4.4. The orthonormalized system of func t ions  { ~ i ( M ) 1  is  closed i~ 
2 

t h e  space L ( s )  of t h e  square- integrable  func t ions  given on t h e  boundary S, 

F i r s t  let  us prove t h e  completeness of t h e  system of funct ions  ITi(MBI in 
2 

t h e  space L ( s )  . Let  y (M) E L2 (s) . W e  can analyze t h e  func t ion  

1 
ds,, N E S,. 

This  func t ion ,  continuous on S assumes zero  values  on t h e  everywhere 
1' 

dense s e t  of p o i n t s  N I c  S, ; t h e r e f o r e  

But (4.14) is t h e  p o t e n t i a l  of a s i n g l e  l a y e r  and s i n c e  on the  closed 

Lyapunov s u r f a c e  S and a t  i n f i n i t y  it is equa l  t o  zero ,  then  on t h e  
1 

s t r e n g t h  of t h e  uniqueness of t h e  s o l u t i o n  t o  t h e  e x t e r n a l  D i r i c h l e t  problem 

(uniform condi t ions  at i n f i n i t y )  it is  everywhere equa l  t o  ze ro  i n  V . This  i s  
e 

p o s s i b l e  only i n  t h e  event  [12] i f  t h e  d e n s i t y  of t h e  p o t e n t i a l  i s  equal  to 
2 

zero.  Thus, t h e  completeness of t h e  system ( % ( M ) \  i n  t h e  space L ( s )  is 

proven. 

But on t h e  s t r e n g t h  of Theorem 3.6, t h e  system ( @i (M) 1 is  c:Losed, For 

f i n a l  proof of Theorem 4.4, we must use  Theorem 3.1. 

From t h e  proved theorem and t h e  d e f i n i t i o n  of completeness it  d i r e c t l y  
4 follows t h a t  t h e  s y s  t e m  { Q, (M) ] is complcite i n  C and L (s)  , where 4> 2 . As 

f a r  as t h e  c l o s u r e  is  concerned, from Theorem 3.10 i t  follows t h a t  our system 

{ c p l  ( M ) )  i s  c losed i n  t h e  space Lq ( s )  , where 4 <2. . Theref o r e ,  from Theorem 

4.4, it does n o t  fo l low t h a t  t h e  system ITi(M) l is closed i n  C o r  l[,'(s) when 



q . 2 ,  NoTw l e t  us prove t h e  theorem t h a t  t h e  analyzed system i s  closed i n  C 

4 and consequently c losed i n  L ( s )  f o r  a l l  q < a (q 1 ) .  

meorem 4.5. The system c p i ( M ) )  is closed i n  t h e  space C(s) of a l l  

continuous func t ions ,  i . e .  , f o r  any func t ion  y ( M ) c C  (s) and f o r  any E > 0 t h e r e  

i s  an N,js) and a system of c o e f f i c i e n t s  a ( i  = 1, 2 ,  . . . , n) such t h a t  i f  
i 

n -- N,, (E) , then 

I2 

I T (M)-C ai % ( M )  I < z.  
M E S  i== I 1 

For pr~oof of t h i s  theorem we use the  fol lowing s ta tement  from Reference 

11311: any func t ion  t h a t  is  continuous on t h e  s u r f a c e  S may be  uniformly appro- 

ximated by means of harmonic polynomials, i f  t h e  region V wi th  t h e  boundary s 

contains a s t a b l e  s o l u t i o n  of t h e  D i r i c h l e t  problem with  r e s p e c t  t o  deformation 
(5) of the region . 

Let P (M) b e  a harmonic polynomial of o r d e r  rn f o r  t h e  func t ion  y ( M ) G C ( s )  
m 

Let us analyze t h e  i n t e r n a l  D i r i c h l e t  problem i n  t h e  region V wi th  t h e  
1 

boundary s 
1. 

and write i t s  s o l u t i o n  i n  t h e  form of t h e  p o t e n t i a l  of a s i n g l e  l a y e r  

' 5 ' ~ n  t he  two-dimensional case  when s i s  a curve an analogous s ta tement  
d i r e c t l y  follows from t h e  theorems corresponding t o  t h e  Weie rs t rass  theorems 
i n  the complex region ( s e e ,  f o r  example, t h e  Runge Theorem [ 3 ] ,  concerning t h e  
uniform approximation of t h e  func t ion  o f  t h e  complex v a r i a b l e  by a complex 
polynomial) . 



where t h e  d e n s i t y  Q(M) is  expressed through t h e  normal d e r i v a t i v e s  of she 

s o l u t i o n s  t o  t h e  i n t e r n a l  and e x t e r n a l  D i r i c h l e t  problems. S u f f i c i e n t  smooth- 

ness  of S produces smooth boundary va lues  f o r  Problem (4.15) and therefore, 
1 

guarantees  e x i s t e n c e  of these  d e r i v a t i v e s .  Let us look a t  Expression (4,163 

f o r  t h e  p o i n t s  MicS, .  The in tegrand  w i l l  b e  bounded and continuous ( i f  t he  

dens i ty  i s  continuous) and t h e r e f o r e ,  t h e  i n t e g r a l  can b e  replaced! by a Riemann 

sum wi th  t h e  number of terms m ( o r  by some kind of cubature  formetla wish nodes 
1 

a t  t h e  p o i n t  x,=MiES,) , such t h a t  

Let  n 2 max (m, ml) = NO(€); then w e  f i n d  

1 Y (M)- 2 a. si (M) / s Inax / y(M)-- P,(M) 1 + 
M C S  

i= 1 M E S !  

It 

4- mar  1 P,,(M)- c o i w i ( ~ )  ' < i + m a x  1 I ds, - 
M C S  I i = l  I 2 MCS . r ( x ,  M) 

Sl 

and t h e  c losure  of t h e  system { o l ( M ) J  is  proved. To complete proof of Themern 

4.5,  we must use Theorem 3.1. 

§ 5. Approximate Method f o r  Solving t h e  D i r i c h l e t  Problems 

Let  us analyze t h e  Problem (1.1) - (1.2) and, a f t e r  s u b s t i t u t i n g  r = 1 / 4 7  lir 

i n t o  i t ,  w r i t e  t h e  b a s i c  formula f o r  t h e  theory of harmonic func t ions  (2: .E2) 

f o r  t h e  p o i n t s  x C  V and xC V ,  , r e s p e c t i v e l y  



where 

Since i n  t he  case of t h e  Dir ich le t  problem the  function (J (N) is given, 

then ( 5 - 2 )  can be wr i t t en  i n  t h e  form 

where Fgx) is a known function 

Below we s h a l l  show t h a t  from Condition (5.3) we can determine t h e  

fmet ion iP(~u) f o r  t h e  Dir ich le t  problem i n  t h e  following manner. W e  can 

construct coef f ic ien ts  f o r  expanding the  unknown funct ion i n t o  a Fourier 

series for the complete sys t em~~Yt (M)~ ,  obtained by orthonormalization of 

System (4.11. After  subs t i t u t ing  t h e  approximate values found f o r  the  function 

q (M) into Formula (5.1) and carrying out t h e  necessary cubatures, we f ind  t h e  

approximte value of t he  so lu t ion  t o  t he  Dir ich le t  Problem (1.1) - (1.2) a t  

my point of t h e  region V. 

The function determined on S,  s a t i s f y i n g  (5.3) f o r  t he  a r b i t r a r y  point  

x l y ing  outs ide t h e  closed region V, w i l l  be ca l led  t h e  so lu t ion  t o  Equation 

(5,3), Lf we analyze the  normal der iva t ive  of both s ides  of (5.3) by passing 

to the limit: when x+M,€S and considering Expression ( 2 . 2 4 ) ,  we f ind  



For exis tence of t he  l i m i t  i n  t he  right-hand s i d e  of (5.4) it is suf- 

f i c i e n t  t o  requi re  the cont inui ty of (as follows from the  I,yapasnoar ex- 

ample [4],  s a t i s f a c t i o n  of t he  Hb'lder condition f o r  t he  function $ (MB is 

i n su f f i c i en t  f o r  exis tence of normal der iva t ives  of t h e  po ten t i a l  of the  double 

layer ) .  Equation (5.4) is  an i n t e g r a l  equation of t h e  ex terna l  Nelannann 

problem and a s  we know [14], is uniquely resolvable.  Let us show that the 

so lu t ion  t o  Equation (5.4) a l so  s a t i s f i e s  the funct ional  Equation (5,3). 

For t h i s  l e t  us s u b s t i t u t e  t he  so lu t ion  t o  Equation (5.4) i n t o  (5.3) and 

den0 t e  by v(x) the function obtained 

We must show t h a t  v (x )  S 0 when x E  V ,  . In  t he  right-hand s i d e  of Equation 

(5.5) w e  have t h e  sum of po ten t i a l s  of t he  s i n g l e  and double layersand 

therefore,  v(x) is  a harmonic function. From (5.4) i t  follows t h a t  at the 

boundary s of t he  region V t he  function v(x) takes zero values. :Lf, further- 

more, it is shown t h a t  

then from the  uniqueness of t h e  so lu t ion  t o  t h e  ex t e rna l  Nemann problem w e  

f ind  v ( x ) f o  . For the  three-dimensional case Equation (5.6) follows from the 

very form of t he  right-hand s i d e  of (5.5). As f a r  as  t he  two-dimensional case 

is  concerned, the Equations (5.4) and (5.5) take, respect ively,  the following 

f om:  



a d  according t o  t h e  known p r o p e r t i e s  of t h e  harmonic p o t e n t i a l s  

Hence, as we know [4] ,  we must prove t h e  p roper ty  f o r  v(x)  a l s o  i n  t h e  

.'stso-dimensional case,  s i n c e  Condition (5.7) is  s u f f i c i e n t  f o r  equa t ing  t h e  

second i n t e g r a l  ( p o t e n t i a l  of t h e  s imple  l a y e r )  t o  ze ro  i n  t h e  express ion f o r  

v(x), We must show t h a t  t h e  f u n c t i o n a l  Equation (5.3) has  a unique 

solution. For t h i s  le t  us look at  t h e  homogeneous f u n c t i o n a l  equat ion 

and show t h a t  i t  has  only a t r i v i a l  s o l u t i o n .  D i f f e r e n t i a t i n g  wi th  respec t  t o  

the normal (5.8) pass ing t o  t h e  l i m i t  when x+M,€s  and taking i n t o  acount t h e  /31 
expressions i n  (2.24),  we f i n d  

Th i s  equat ion f o r  t h e  e x t e r n a l  Nenmann problem with  homogeneousboundary va lues ,  

as we kinow [14], a l s o  h a s  only a ze ro  s o l u t i o n .  

Let us now proceed t o  w r i t i n g  t h e  a lgor i thm of t h e  approximate method 

for so lv ing  t h e  D i r i c h l e t  boundary va lue  problem (1.1) - (1.2).  

By @i l e t  us denote t h e  Four ie r  c o e f f i c i e n t s  f o r  expanding t h e  funct ion 

"pdM) i n  a s e r i e s  of func t ions  cp,(M) 

where r9r  bM) is  determined from (4.5) 



Let  us w r i t e  (5.3) f o r  t h e  p o i n t s  M k C S 1  i n  t h e  form 

// (P (MI Oh (M) &=Fa. 
S 

where 

and t h e  values  of wk a r e  determined from (4.1). 

Mul t ip lying t h e  f i r s t  i i n  t h e  equat ions  by t h e  c o e f f i c i e n t s  AkSi(k = I, 

2,. . . , i )  and combining we f i n d  

Since i n  t h e  case  of t h e  D i r i c h l e t  problem t h e  va lues  of Fk a r e  unicnom, 

and t h o s e  of Ak,i are f o u n d i n  t h e p r o c e s s  of orthonormalizing t h e  system 

{ @ i ( M ) )  , then t h e  Four ie r  c o e f f i c i e n t s  of t h e  unknown func t ion  ci4(M) are corn- 

puted. Let  us in t roduce  t h e  symbols, 
N 
1 

(P'N' (M)= L @i (Pi (MI, 

From Theorem 3.5 t h e r e  d i r e c t l y  fol lows t h e  fol lowing asymptotic equaf i o n :  

95 * LG) 

Futhermore, i t  can be  e a s i l y  proved t h a t  f o r  any i n t e r i o r  po in t  x of the region 
v and f o r  any e >  0 such a va lue  of No can be  found t h a t  i f  No < N, then & 
1 u(x)--uc""(x) I < E .  I n  f a c t  i t  i s  c l e a r  t h a t  



0x1 t he  s t rength  of Expression (5.10) we can s e l e c t  N such t h a t  the  

foL1owiwg inequal i ty  w i l l  be  s a t i s f i e d  

where a is; t he  minimal dis tance from point x t o  t he  boundary S, Is1 is t h e  a rea  

of the surface S. Subs t i tu t ing  (5.12) i n t o  (5.11) and using t h e  Buniakowski- 

Schwarz inequal i ty ,  we obtain 

This method f o r  approximate so lu t ion  t o  t he  boundary value problems w i l l  be  

termed the method of V.D. Kupradze o r  t h e  method of funct ional  equations. 

The completeness of t he  system of functions { Y i ( M )  1 makes it possible  

t o  use the following algorithm f o r  approximate so lu t ion  of the  Dir ich le t  

P r o b l e m  (It.  1) - (1.2). For a given function + (M) [ t h e  boundary condition of 

the mknown harmonic function u(x) ] , l e t  us construct  a Fourier s e r i e s  on 

the basis of ( (M) ) : 

Then on t he  s t rength  of the  completeness of t h e  system { '?r (M) 1 i n  the  sense of 

the m e t r i c  of the  space L2, we have 

The series 

u (XI = C fit Pr (x) 
t = l  



f o r  any x ~ V  converges and represents  a so lu t ion  t o  t he  Problem (1.1) - (1.2). 
I n  f a c t  let G(x,M) be a Green function of t h e  Dir ich le t  problem f o r  the  

region V. Then from t h e  exis tence theorem it  follows t h a t  t he  so lu t ion  may be 

represented i n  t he  form 

Let us introduce t h e  no t a t i o n  

and look at t h e  d i f fe rence  1 U (x)--u(~) ( x )  1 . Using t h e  Buniakowski-Sehwarz 

inequal i ty  and considering the  f in i t enes s  of the i n t e g r a l  

when x6V , we f ind  j u s t  as above 

u(x)=  lim u ( N ) ( x ) .  
N - m  

Let us mention t h a t  unl ike t h i s  method, t h e  method of V.D. Rupradze 

permits f inding a so lu t ion  t o  the  Dir ich le t  problem with the  a i d  of the bound- a 

a ry  values of t h e  normal der iva t ive  of t h e  unknown funct ion which are ob- 

ta ined  as a so lu t ion  t o  the  func t iona l  Equation (5.3). In  t h i s  comect ioa  

we must bear i n  mind t h a t  i n  p rac t i ce  problems a r e  of ten  encountered in 

which i t  is  of i n t e r e s t  t o  f i n d  namely the  boundary values of t h e  nomal 

derivat ive.  This a l so  explains t he  compilation of spec i a l  t ab l e s  1151 for 

computing the  boundary values of t h e  normal der ivat ive.  For such problem 

the  method of V.D. Kupradze has t h e  advantage over t h e  above-described method, 

Let us make seve ra l  comments [22-241 concerning use of t h e  cliscussed 

approximate method f o r  solving t h e  boundary value problems. 



FoPli~wing El61 t h e  system of l i n e a r l y  independent func t ions  w i l l  be  

termed r e l i a b l e  i f  

When G = O t h e  system w i l l  b e  termed unre l i ab le .  Le t  us prove t h e  theorem. 

Theorem 5.1. The system of func t ions  (wr ( M ) )  is u n r e l i a b l e ,  i .e. ,  f o r  

3 > 0 w e  f i n d  such a value  f o r  N t h a t  f o r  any "> N t h e  fol lowing i n e q u a l i t y  

w i l l  be  s a t i s f i e d ,  --- 

We s h a l l  assume t h a t  t h e  p o i n t s  xi (i = 1 , 2 , .  . . ,n) are renumbered i n  such a way 

t h a t  i( .~&~, xi+,) < h , where h + 0. when a . It i s  c l e a r  t h a t  on t h e  

strength o.E t h e  everywhere dense d i s t r i b u t i o n  of p o i n t s  xi t h i s  i s  always 

p o s s i b l e ,  Prom (3 .8)  we f i n d  f o r  an even n  = 2k 

and y s a i t h  odd n  = 2k 3. 1. 

Taking in t lo  account t h a t  



where 

15  (M)  I = I rixZi-,, M)-r(x2, ,  M )  1 . c ; r ( ~ ~ ~ - ~ ,  xZI) h, 

f o r  Gz(%i -~ ,  wzi) we f i n d  wi th  an accuracy up t o  terms of h igher  o rder  of 

smallness wi th  r e s p e c t  t o  h 

and f o r  G we w i l l  have 
n 

G,, = O(hk). 

Since h+ 0 when n + a, , t h e n  from t h e  lat ter  approximate equation. there 

follows t h e  r e l i a b i l i t y  of t h e  system { o i (M )J  . 

The above s ta tement  can be d i r e c t l y  c a r r i e d  over  t o  any case  s f  the 

p o t e n t i a l  system [17]. Thus, we can show t h a t  i f  S and S1 a r e  no t  tangent t o  

one another ,  then any p o t e n t i a l  system is n o t  r e l i a b l e .  

To check t h e  r a t e  a t  which t h e  Gram determinant approaches ze ro ,  w e  

c a r r i e d  ou t  t h e  fol lowing numerical  experiments f o r  t h e  two-dimensional case, 

S is a c i r c l e  wi th  rad ius  1 on which we a r e  requ i red  t o  orthonormakize the 

system of func t ions  {]"'(xi ,  M)J ( i  = 1 ,2 , .  . . , 2 8 ) ,  where xeS~( l '  is a concentr ic  

c i r c l e  w i t h  rad ius  2. The p o i n t s  x a r e  d i s t r i b u t e d  on s i 1 ( I )  uniformly i n  
n 
14 i n t e r v a l s .  We computed t h e  elements of t h e  Gram determinant of this sys- 

- 6 
tern. I n t e g r a t i o n  was c a r r i e d  ou t  wi th  an e r r o r  t h a t  d i d  n o t  exceed 10 The 

-9 
rank of t h e  determinant wi th  an accuracy up t o  10 was found t o  be equal  t o  

9 ,  i .e., a f t e r  s o r t i n g  ou t  a l l  p o s s i b l e  determinants of t e n t h  and higher 

orders  we were unable t o  d e t e c t  any among them t h a t  were nomachine-zero 

( t h e  computations were c a r r i e d  out  on a high-speed e l e c t r o n i c  computer BESM--2)- 

Below we c i t e  t h e  maximal va lues  o f  5 of t h e  determinant of ifh order  f o r  

i = 1 , 2 ,  ..., 9: 



Then the  points  x were taken uniformly on the  concentric c i r c l e  S (2) 
i 

Ti 1 
w i t h  radius 1.1 and i n t e r v a l  12 . The number of points  n was equal t o  24. 

Below w e  give the  respect ive values f o r  the  Gram determinant G ( i  = 1,2, I35 
i - 

. . . $ 2 4 )  f o r  tthis case 

Prom comparison of t h e  respect ive values of t he  Gram determinant i t  i s  

obvious tha t  i n  t he  second case the  values of the  determinant a r e  much 

larger w h i c h ,  as  w i l l  be  shown below, makes it possible  t o  orthonormalize t h e  

respective system more exact ly.  

F ina l ly  t he  points  x. were taken uniformly d i s t r i bu ted  on a concentr ic  
1 Ti 

c i rc le  s 
l 

'3' with a radius of 1.05 and t h e  same i n t e r v a l  . The number 

of points is equal t o  24. Let us derive the  respect ive values of t h e  Gram 

The r e s u l t s  of these  numerical experiments show t h a t  with the  approach 

of t he  auxi l ia ry  boundary S t o  the fundamental boundary S, t h e  correspond- 
1 

ing Gram determinant is  increased. Let us note  t h a t  t h i s  proof of r e l i a b i l -  

ity of the systems of po ten t i a l  functions is subs t an t i a l l y  based on t h e  con- 

s tancy s f  the aux i l i a ry  boundary S Otherwise, from Equation (5.13) we can 1' 
never derive (5.14) , s ince  f o r  some poin ts  M € S  of the  funct ions,  r(xsi, M) 

and c(M) may have one and t h e  same order of smallness. 



A second comment touches on t h e  choice  of a lgor i thm f o r  o r t h o n o m a l i -  

z a t i o n  of t h e  system ( u i ( M ) \ .  As was shown i n  54, t h e  or thonormal izat ion may 

b e  accomplished both  according t o  Formula (4.6) and according t o  FonnuPa (4-10). 

It i s  c l e a r  t h a t  i f  t h e  computations according t o  both formulas a r e  carried 

out  exac t ly  (with a f i n i t e  number of d i g i t s ) ,  then  t h e  r e s u l t s  a r e  a l so  found 

t o  be  i d e n t i c a l .  The r e s u l t s  w i l l  b e  s u f f i c i e n t l y  s i m i l a r  a l s o  i n  the case  

when t h e  system t o  b e  orthonormalized is  r e l i a b l e .  But, a s  was shown above, 

t h e  system { q , ( M ) ) ,  j u s t  a s  any p o t e n t i a l  system, i s  no t  r e l i a b l e .  Therefare, 

f o r  p r a c t i c a l  a p p l i c a t i o n  of t h e  approximation method f o r  so lv ing  the boundary 

problems it is  extremely important t o  choose,of t h e  two procedures f o r  or tho-  

n ~ r m a l i z a t i o n ~ t h a t  which w i l l  g ive  t h e  more c o n s i s t e n t  procedure f o r  the 

computation ( w i l l  guarantee  a l a r g e r  number of r e l i a b l e  d i g i t s ) .  Although the 

computations according t o  Formula (4.10) a r e  e a s i e r  t o  program on the computer, 

s i n c e  f o r  computation of t h e  determinants t h e r e  a l ready  e x i s t  prepared stand- 

a r d  subprograms, n e v e r t h e l e s s ,  a s  w i l l  be  shown below t h e  or thonormal izat ion 

should be  c a r r i e d  out  according t o  Formula (4.6), because t h e  respec t ive  

a lgor i thm i s  s i g n i f i c a n t l y  more c o n s i s t e n t  r e l a t i v e  t o  rounding o f f  e r r o r s *  - / 36 

W e  s h a l l  analyze t h e  normalized func t ions  o i (M)  as v e c t o r s  (with o r i g i n  

a t  0) i n  t h e  space L2 and denote by ah t h e  angle between t h e  v e c t o r  os,<(M) 

and t h e  hyperplane pass ing through t h e  v e c t o r s  wl. hz, I Oh-1 . It is 

known [16], t h a t  t h e  determinant (4.11) is  equa l  t o  t h e  square  of tlhe volume 

of t h e  p a r a l l e l p i p e d  const ructed on t h e  vec to rs  ul, b),, ... , on . 

G,,= sin2 a,. 
i =I 

Thus, f o r  t h e  denominator of Formula (4.10),  we f i n d  

A s  f a r  as t h e  fol lowing sum is  concerned 



i t  represen t s  [16]  t h e  p r o j e c t i o n  of t h e  element w on t h e  subspace of t h e  
n 

vectors 4 I d2 9 . 9 4n-l o r  on t h e  s t r e n g t h  of t h e  equivalence of t h e  subspaces 

of  the vec to rs  $ 4 2 9  - o * 9  4 n a n d w  I* w 2 9  . a . 9  w (5.15) r e p r e s e n t s  t h e  pro- n ' 
j e c t i o n  on t h e  subspace of t h e  v e c t o r s  w 

n I>  a29 - . * 9  * Hence, i t  is  obvious n 
t h a t  t h e  d~enominator i n  Formula (4.6) i s  equa l  t o  

For otlaono:rmalization of n elements we f i n d  i t  necessary  t o  d i v i d e  by 

- 
For t h e  r a t i o  d :d we f i n d  

n n 

- - 
dn : d, = sin gi = dn-, . 

Fro= the l a t t e r  express ion i t  i s  c l e a r  t h a t  Formula (4.6) g ives  a s i g n i f i c a n t l y  

more c o n s i s t e n t  computational procedure than does Formula (4.10).  

We attempted t o  orthonormalize t h e  system { l n r ( x i ,  M ) ] ,  x'€ S',f) ( i  = 1, 2,  

. . . , 28)  wfith t h e  a i d  of Formula (4.6) ; however, an emergency h a l t  took p lace  

i n  the machine. It w a s  found t h a t  t h i s  occurred when d iv id ing  by This 

f a c t  ( t ak ing  i n t o  account t h a t  a l l  t h e  Gram determinants  of t e n t h  o rder  a r e  

equal t o  zero) agrees  w e l l  wi th  Formula (5.16) from which i t  fol lows t h a t  

Formula ( 4 . 6 )  can b e  used f o r  t h e  f i x e d  number of d i g i t s  wi th  which t h e  compu- 

t a t i o n s  a r e  c a r r i e d  o u t ,  t o  orthonormalize approximately twice t h e  number of 

funct ions  as  wi th  Formula (4.10). It i s  c l e a r  t h a t  i f  t h e  or thonormal izat ion /37 
of a s u f f i c i e n t l y  r e l i a b l e  system can be  c a r r i e d  out both  according t o  Formula 

( 4 , 6 )  and t o  Formula (4 .10) ,  then  t h i s  l a t t e r  g ives  a s i g n i f i c a n t l y  rougher 

r e s u l t ,  To confirm t h i s  we c a r r i e d  ou t  or thonormal izat ion of t h e  system 

{ 813 $(x i ,  M) I ,  xf-s(,Z) ( i  = 1, 2 ,  . . . , 24).  Table 1 gives  t h e  c o e f f i c i e n t s  of 
/ i \  

o r t h a n o m a l i z a t i o n  A'&) f o r  t h e  func t ion  4 obtained from Formula (4.10) , 
22, i 2 2 

and t h e  same c o e f f i c i e n t s  A (2) obta ined from (4.6) . 
22, i 



I n  t h e  t h i r d  and f o u r t h  columns are given a$!i=lrp!:)pr)ds and @%:i= /cp\ib 

pi2) ds, where '9;') and 912) a r e  orthonormalized func t ions  obta ined r e s p e c t i v e l y  

w i t h  t h e  a i d  of Formulas (4.10) and (4.6). 

TABLE 1 

W e  see t h e  Formula (4.6) g ives  a s i g n i f i c a n t l y  more exac t  or thsnomai-  

i z a t i o n  t h a n  does Formula (4.10) . 

I n  Reference 1161, t h e  phenomenon of " s t a b i l i t y "  was f i r s t  invest- 

i g a t e d  f o r  systems of func t ions ,  and t h e  c l a s s  of systems was i n d i c a t e d  

t h a t  a r e  termed r e l i a b l e  f o r  which t h e  R i t z  method remains s t a b l e .  Leter 

[I91 S. 6 .  Mikhlin i n d i c a t e d  a s i g n i f i c a n t l y  wider c l a s s  ( s t rong ly  minimal 

sys tems) ,  f o r  which t h e  R i t z  method r e t a i n s  its s t a b i l i t y .  The system of 

func t ions  {@,) is  s t r o n g l y  minimal i n  HA [20] i f  t h e  l e a s t  e igenvalue  of the 

nth o rder  R i t z  mat r ix  is  bounded below by a p o s i t i v e  cons tan t  which i s  

independent of n. Since t h e  p o t e n t i a l  systems which we i n v e s t i g a t e d  may be  



used as a coordinate  system i n  t h e  Ri tz  method, then i t  is  i n t e r e s t i n g  t o  know j38 
i f  they are s t r o n g l y  minimal. Let  S and S b e  concen t r i c  c i r c l e s  and t h e  

1 
p o i n t s  x.(i = 1, 2 ,  ..., 2N), where N i s  even, b e  d i s t r i b u t e d  uniformly on S 

k 1 ' 

The following assumption is v a l i d .  The systems {In r  (xi, M)} and - In r(xi .  M )  a r e  {: 
not strongly minimal i n  HE i f  E is  an i d e n t i t y  operator .  Since  when H 

I 
E ( H ~  

coincides  wi th  L ), t h e  R i t z  mat r ix  coincides  wi th  t h e  Gram determinant,  then 2 
i t  is confirmed t h a t  f o r  any E > 0 we f i n d  a va lue  of N such t h a t  t h e  eigen- 

value (with t h e  s m a l l e s t  modulus) of t h e  Gram determinant of 2~~~ order  is  l e s s  

than  E, In view of t h e  i d e n t i f y  of t h e  p roofs ,  we can g ive  a proof f o r  t h e  

sys"ez:~n ! ! n r ( x i ,  M) J.  We must prove t h a t  t h e  least e igenvalue  of mat r ix  (4.11) 

is a s  near t o  zero  a s  des i red .  

It i s  easy t o  prove t h a t  f o r  t h e  given case  [S and S a r e  concen t r i c  
1 

circles, xi(i = 1, 2,  ..., 2N) is d i s t r i b u t e d  unifromly on S ) ]  t h e  following 
1 

equations a r e  v a l i d  : 

I q o, i+k;. ds = 1 s, mi-, ds, 

f mi or ds= mi on ds f o r  1 j-r 1 = 1 t-ql, 

and therefore t h e  Matrix (4.11) has  t h e  fol lowing form: 

i ax* a2, ... , an 
a,,, -. . , an- 1 

I - 

. . . S f . .  

. . . . . . . 
. . .  , 

where a = a ( s  = 2 ,  3 ,  ..., N), 
s n+2 - x 

The eigenvalues  of t h i s  mat r ix  a r e  equal  [18] t o  



2kic . 2kr; 
where Elt=COS .- $. 1 sin . When k = N we find 

n n 

Taking (5.17) i n t o  account, we f ind  

ai+l-ai= 1 in r  (xi ,  M )  I In r  (x,+,, M) -  In r  (xi+,-, , M )  I ds= . . 

d 
where R is  t h e  radius of the  c i r c l e  -2s;- is the der iva t ive  along the  - 139 

tangent t o  the  c i r c l e  S The left-hand s i d e  of (5.20) does not depend on j; 
1' 

therefore,  we w i l l  assume t h a t  j = 1 

d 
al+ l-ai=---- In r  (x,, M )  ----- In r  (x, +,, M )  + O 

n 2*R I dS, 

r )  
lnr(x,,  M)----Inr(x,,  M ) d s f  0 

n ds, 
d 

a,-a,=-- In r  (xl ,  M )  I n  r  (x,, M )  dsf 0 
n ds, 

Subs t i tu t ing  these  l a t t e r  equations i n t o  (5.19), taking the  evenness of N into 

account and the  t r i v i a l  equations 

we f ind  t h e  asymptotic equations 



W e  can show t h a t  f o r  even N / 2  t h e  abso lu te  va lue  of t h e  c h a r a c t e r i s t i c  
, 

muziber 2 w i l l  be  as smal l  as des i red .  I n  f a c t  

. . 
The r e a l  p a r t  of t h e  complex number i s  equal  t o  ze ro  because of t h e  

accuracy of N/2 and of t h e  t r i v i a l  equat ions  

a d  the imaginary p a r t  

Proof of t h e  asymptotic equat ions  ( 6 )  

is  completely analogous t o  t h e  proof of (5.21). 

The p o t e n t i a l  systems w i l l  be  c a l l e d  discont inuous  p o t e n t i a l  systems, 

if S1 i s  c o n s i s t e n t  wi th  S,  i .e., i f  t h e  p o i n t s  xi a r e  d i s t r i b u t e d  on t h e  

fundamental boundary S. The fol lowing assumptions a r e  v a l i d .  The system of 

flmctions { 111 (xl, M)  1, where t h e  p o i n t s  x a r e  d i s t r i b u t e d  everywhere densely 
i 

2 
on S, are l i n e a r l y  independent and complete i n  t h e  space L ( s ) .  

The system of func t ions  ( o i ( M ) ) ,  where w is  a nonzero cons tan t ,  
0 

Prom t h e  cons t ruc t ions  of t h e  p o t e n t i a l  systems i t  is c l e a r  t h a t  they  
are not mlinimal and consequently n o t  s t r o n g l y  minimal. The proved assumption 
is  i n t e r e s t i n g  i n  t h a t  it  gives  t o  t h e  asymptotics t h e  l e a s t  e igenvalue  of t h e  
Gram matrix. 



d 
(M)=K In <(xi, M ) ,  (i= 1, 2, . .. ), xi d i s t r i b u t e d  everywhere densely on S. are 

I 
2 

l i n e a r l y  independent and complete i n  L ( s )  . 

The l i n e a r  independence of t h e s e  systems i s  obvious and i s  proved n~-ralo- 

gously t o  t h e  l i n e a r  independence of t h e  p o t e n t i a l  systems. For proof aE the 

completeness i t  i s  s u f f i c i e n t  t o  prove t h a t  t h e  opera to rs  

2 
t ransform (cpEL2(s))  t o  space L ( s )  i n  C. 

Fur ther  arguments a r e  completely analogous t o  t h e  d i scuss ions  i n  proving 

completeness of t h e  p o t e n t i a l  systems ( s e e  t h e  proof of Theorem 4 - 4 1 .  

Let  us analyze t h e  i n t e g r a l  opera t ion  

and assume t h a t  a l l  s i n g u l a r i t i e s  of t h e  k e r n e l  k ( x ,  M) a r e  concentra ted on 

t h e  diagonal ,  i . e . ,  when x = M. We know [12] t h a t  i f  t h e  k e r n e l  of Operation 

(5.23) s a t i s f i e s  the  condi t ions  

where by gradx we denote t h e  g r a d i e n t  computed according t o  t h e  variable x, 

then t h e  i n t e g r a l  Operation (5.23) maps t h e  space L" (and any L~ hihen q 2 p' ) 
i n t o  t h e  L ipsch i tz  space Lip p with  t h e  index p, where p' i s  t h e  a d j o i n t  index 

( l / p  + l / p l  = 1 ) .  



It i s  easy t o  see  t h a t  f o r  t he  kerne ls  of t h e  i n t e g r a l  operations (5.22), 

Conditions (5.24) - (5.25) a r e  s a t i s f i e d  i n  the  case of piecewise-smooth 

contours when pgy- 1 
-3 and,P < - *  

2 

The system of functions r i p  M) is used [I-31 f o r  solving t h e  

Nema1w.n problem 
I 

Au=O B G, 

The approximate so lu t ion  t o  Problem (5.26) can be  obtained from the expan- 

s ion  of the function 

f o r  the system { l n r  (xi,  y)} 

ln fact ,  t he  approximate so lu t ion  t o  Problem (5.26) has t h e  form 

u e ah Arg (z- Z,J = 

k = l  

where 4 s and y ' l ) ,  y(2)  a r e  the  coordinates of the  poin ts  xk and y, 

respectively, 

Let us analyze the  system of three-dimensional discontinuous funct ions 

where x a r e  d i s t r i bu ted  on the  surface S. The following assumption is  val id.  i 
The system of Functions (5.27) is complete i n  LP' f o r  p' = f o r  any 

1 - a  



U > O  , and consequently, on t h e  s t r e n g t h  of Theorem 3.8, i s  c losed i n  

LP ( P = ~ - c L ~  . For proof l e t  us mention t h a t  Condit ions (5.24), (5.25)are 
1 

sat is  f i e d  f o r  k ( x ,  M) = a 
r (x ,  M) 

when p=2-a, IL<~-- and any a > @ .  There- - 
fo re ,  t h e  i n t e g r a l  opera t ion  

transforms t h e  space LP' p' =ka f o r  any 0 t o  a L ipsch i tz  space L i p  
I - a  

Let  t h e  func t ion  Q(M)ELP'  be or thogonal  t o  a l l  func t ions  of System (5 "271, 

Let  us prove t h a t  Q ( M ) = O .  We analyze t h e  continuous Function (5.28) . OPE the  

s e t  of p o i n t s  x -which is  everywhere dense on s ,  t h i s  func t ion  takes  zero 
i 

va lues ,  and t h e r e f o r e ,  i t  is  equa l  t o  a b s o l u t e  ze ro  on s and consequently (on 

t h e  s t r e n g t h  of t h e  harmonicity) i n  a l l  three-dimensional space. But,  f r o m  

Reference [12, i t  follows then  t h a t  t h e  d e n s i t y  yl(M)=O. Taking i n t o  acc3un.b. 

Theorem 3.8, we f i n d  t h a t  Srstem (5.27) i s  c losed  i n  L when L p=2-a.  
P 

56. So lu t ion  t o  Boundary Value Problems with  t h e  Aid 

of Nonorthogonal S e r i e s  

References [25, 261 g ive  one method f o r  determining t h e  expansion coe- 

f f i c i e n t s  f o r  a system of nonorthogonal func t ions .  The i d e a  of t h i s  method* 

involves  t h e  following ( i t  i s  descr ibed i n  d e t a i l  i n  t h e  nex t  s e c t i o n ) .  L e t  

us seek t h e  expansion C e k g , ( s )  of t h e  func t ions  F(s)  according t o  the 

normalized system {g,(s)) (k= 1, 2, ...) . L e t  us in t roduce  t h e  symbols 

To compute e i n  Reference [25, 261 i t  is  proposed t o  use  t h e  formu.las k 



This  method of computing t h e  expansion c o e f f i c i e n t s  d i r e c t l y  may be used i n  

the method of genera l i zed  Four ie r  s e r i e s ,  s i n c e  i n  t h i s  l a t t e r  case  t h e  func t ion  

t o  be  expan~ded i s  known. The numerical  experiments showed, however, a s i g n i f i -  

cantly slower convergence of t h e  method of general ized s e r i e s  when Formula 

( 6 , 2 )  is w e d  i n  comparison wi th  t h e  method of genera l i zed  or thogonal  Four ie r  

s e r i e s ,  

In t h e  p resen t  s e c t i o n  we s h a l l  show [33] such a modif icat ion of t h e  

method of f u n c t i o n a l  equat ions  on t h e  b a s i s  of Formulas (6.1) , (6.2),  t h e  

appllicatiora of which w i l l  n o t  encounter t h e  d i f f i c u l t i e s  mentioned i n  References 

[22,  2 4 1 ,  

For concreteness  l e t  us analyze t h e  method of f u n c t i o n a l  equat ions  f o r  t h e  

tm-dimensional i n t e r n a l  D i r i c h l e t  boundary va lue  problem. 

where s is t h e  boundary of t h e  region G; f ( s )  is a given funct ion.  The essence 

o f  t he  method of V. D. Kupradze involves  t h e  following. I n  t h e  s e n s e  of t h e  

m t s i c  i, (s) t h e  b e s t  expansion is cons t ruc ted  f o r  t h e  normal d e r i v a t i v e  
iL 

- ( ' l  of t h e  unknown f u n c t i o n  according t o  t h e  func t ions  of t h e  complete - 143 
on s 
and linearly independent system ( l n r  ( ~ o .  S) ~o (s )  I ,  where r (%,  s )  i s  t h e  d i s t a n c e  

between p o i n t s  % and s ;  { x , ~ )  is a s e t  of p o i n t s  d i s t r i b u t e d  everywhere densely 

on the a u x i l i a r y  boundary s, which completely includes  t h e  reg ion  G. I f  we 

have such dm expansion, t h e  s o l u t i o n  t o  Problem (6.3) can be found from t h e  

fmdamnatal i n t e g r a l  equat ion of t h e  theory  of harmonic func t ions  

d 
rp (s)  In r ( x ,  s) d s  + ( s )  - Inr(x.  s ) d s ,  x € G .  

dn 

W e  l a ~ o w  [ l o ]  t h a t  f o r  minimality of t h e  express ion 1 1  rp (s) -'C w k ( s )  i If,, 
k = I  

with respec t  t o  t h e  c o e f f i c i e n t s  ak i t  is necessary  and s u f f i c i e n t  t h a t  ak be 
solutions t o  t h e  system 



but on the  s t rength  of t he  Green i d e n t i t y  

and System (6.5) takes t h e  form 

d 
tok (s) mi (s) ds = f (s) - -wi(s)ds .  

dn 
S 

k 

I f  we f i r s t  obtain the  orthonormalized system { T ~ ( s ) )  

Ak,i a r e  the  coe f f i c i en t s  of orthonormalization, then i n  t he  sense of L the 2 
bes t  expansion of the  function qp(s)will be, a s  we know, expansion in t he  

Fourier s e r i e s  

where bk a r e  the  Fourier coe f f i c i en t s  of t he  function ~ ( s )  and 

On the  s t rength  of the s t r i c t  normalization [ l o ]  of t he  space L a13d conse- 
2 

quently t h e  uniqueness of the  generalized polynomial of t he  bes t  alpproximation, 

t h e  so lu t ions  ak of the  System (6.7) and \ from (6.8) must be i d e n t i c a l  t o  

ak = \ (k 1,2 ,..., n) .  

Thus, t h e  method of funct ional  equations may be analyzed a s  a c o d i n a t i o n  

of the  va r i a t i ona l  method ( fo r  the  normal der iva t ive  of t h e  unknown function) 
~. - 

by using the  Green Formula (6.4). 

It i s  c l e a r  t h a t  i f  we f ind  the  expansion d n w a ( s )  not  of the normal 
k= 1 

der iva t ive  of t he  unknown function, but  of i t s  boundary value f ( s )  , then the 



approximate s o l u t i o n  at  any p o i n t  M of t h e  reg ion  G may be found d i r e c t l y  from 

the express ion (method of  genera l i zed  Four ie r  s e r i e s )  

and the n e c e s s i t y  of ca r ry ing  ou t  t h e  quadratures  a s s o c i a t e d  wi th  t h e  use  of 

Formula (6 ,4)  i s  e l iminated.  

However, numerous numerical  experiments (7) have shown t h a t  f o r  one and 

t h e  s a w  number of func t ions  which p a r t i c i p a t e  i n  t h e  expansion, t h e  method 

of V, D, Kupradze g ives  s i g n i f i c a n t l y  more a c c u r a t e  r e s u l t s  than t h e  method 

of genera l i zed  Four ier  series. Therefore ,  t h e  supplemental computation 

assoc ia ted  w i t h  us ing t h e  Green formula is  completely j u s t i f i e d .  For 

i l l u s t r a t i o n ,  below w e  c i t e  t h e  e r r o r s  i n  s o l v i n g  t h e  D i r i c h l e t  problem f o r  t h e  

f m c t i o n  u = a r c  t a n  y-2/x-2 i n  t h e  case  of an e l l i p s e  wi th  semiaxes a = 1, 

b = 0.75, Table 2 gives  t h e s e  e r r o r s  f o r  x,Csp) and n = 24 a t  t h e  mesh p o i n t s  

w i t h  an i n t e r v a l  of h = 0.1. The upper l e f t  number i n  each po in t  corresponds 

t o  t h e  e r r o r  i n  V. D. Kuproadze's method. Following t h i s  i s  t h e  e r r o r  i n  t h e  

net"nad of genera l i zed  Four ie r  s e r i e s ,  and below is  t h e  e r r o r  i n  t h e  method of 

finite d i f f e r e n c e s  obta ined wi th  t h e  s t andard  program [31, 321 ( t h e  s imples t  

approximation of t h e  Laplace opera to r  and t h e  K o l l a t s  d e f l e c t i o n )  wi th  an 

in terval  of h = 0.1. 

However, wi th  an i n c r e a s e  i n  t h e  number of or thonormal izable  func t ions  

or when t h e  a u x i l i a r y  boundary S moves away from t h e  fundamental boundary s ,  1 
the corresponding Gram determinant f o r  t h e  u n r e l i a b l e  system to,, (s)) approaches 

zero ,  which makes i t  p r a c t i c a l l y  impossible  t o  c a r r y  ou t  or thonormal izat ion.  

As noted i n  95 with  concen t r i c  c i r c l e s  S and S having r a d i i  r = 1 and rl = 2 ,  1 
use of t h e  matr ix  method of or thonormal izat ion w i l l  n o t  a l low orthonormalizing 

'7' The numerical  experiments were c a r r i e d  ou t  wi th  t h e  a i d  of s t andard  

programs [27,28] compiled i n  t h e  Department of Numerical Methods of t h e  

Computer Center, Academy of Sciences,  Georgian SSR. 



.. 10 of t he  28 functions In r ( x  s )  ( i  = 1,2,. ,28), where xi a r e  equidistant 
i ' 

points  of s ~ c h m i d t ' s  method of orthonormalization made i t  possible  t o  
1' 

orthonormalize only 20 functions. It was found t o  be s t i l l  more d i f f i c u l t  t o  

orthonormalize these same functions with a c i r c l e  having a radius oif r = 5-  1 
In  t h i s  case Schmidt's method makes i t  possible  ( a l l  computations were 

made on the  BESM-2 computer) t o  orthonormalize 9 functions, and the  matrix 

method - 5. 

A t  f i r s t  glance i t  may seem t h a t  Formula (6.2) i s  impossible t o  use l r r s  

the  method of V. D. Kupradze, s ince  i n  t h i s  case the  coe f f i c i en t s  e k w i l L  - 145 

depend on the unknown function $(s)  [ t h e  normal der iva t ive ,  the  soluition t o  

Problem (6.3)].  However, the symmetry of the  operator  of d i f fe ren t ia t ion .  with 

respect t o  the normal, i . e . ,  the Green i d e n t i t y  (6.6),  makes it possible  t o  

apply Formula (6.2) f o r  t he  normal der iva t ive  of the  so lu t ion  t o  Problem ( 6 . 3 )  & 
t o  the  method of V. D. Kupradze. I n  f a c t ,  i f  we take i n t o  account (6.21, (6.6) 

and the de f in i t i ons  (6.1) f o r  the coe f f i c i en t s  ak of the  expansion of  the 

normal der iva t ive  $(s)  of the  so lu t ion  t o  t he  Problem (6.3),  we obtain 

d 
a,= 1 f (s) ---wl(s)ds,  

dtz 

Using these  values of t h e  expansion coe f f i c i en t s  i n  t he  Green Fornula 

(6.4) we obtain the  modification mentioned above f o r  t h e  method of  1'- IO, 

Kupradze. Table 3 gives,  a t  t h e  mesh poin ts  with an i n t e r v a l  of h = 0.2,  the 

e r r o r s  i n  t he  method of the  generalized s e r i e s  mult ipl ied by 100 ( the  first 

number a t  each point)  using Formula (6.2) and t h e  modified method of 





TABLE 3 

f u n c t i o n a l  equat ions  ( t h e  second number) f o r  so lv ing  t h e  D i r i c h l e t  prob:kem i n  

t h e  case  u = a r c  t a n  y-2/x-3 and t h e  c i r c l e  wi th  r a d i u s  r = I. I n  both cases 

we used t h e  func t ions  In r (%,s )  (k = 1,2, .  . . ,321, where % a r e  distributed on 

t h e  confocal  c i r c l e  wi th  r a d i u s  r = 5. Let  us n o t e  t h a t  of these: fusrrctions w e  1 
were a b l e  t o  orthonormalize only 5 us ing t h e  mat r ix  method. 

From Table  3, it is c l e a r  t h a t  t h e  modified method of functiolnal 

equat ions  gives  more exact  r e s u l t s .  

Thus, i f  t h e  a u x i l i a r y  contour s1 f o r  any reason must be  ta.ken 

s u f f i c i e n t l y  f a r  from t h e  fundamental contour s ( f o r  example, t h i s  m a y  



happen i f  t h e  n e c e s s i t y  a r i s e s  f o r  harmonically cont inuing t h e  s o l u t i o n  t o  

Problem ( 6 , l )  s u f f i c i e n t l y  f a r  from s ) ,  then  i n  t h i s  case  i t  is  f e a s i b l e  t o  

use the modified method of f u n c t i o n a l  equat ions .  

h a l o g o u s l y  we can modify t h e  method of f u n c t i o n a l  equa t ions  a l s o  f o r  o t h e r  

boundary value  problems. 

L e t  us i n d i c a t e  one p o s s i b l e  reason f o r  t h e  high degree of accuracy 

in the method of f u n c t i o n a l  equat ions  i n  comparison wi th  t h e  method of 

general ized Four ie r  s e r i e s .  

The e r r o r  ~ ( x )  of t h e  approximate s o l u t i o n  t o  Problem (6.3) a t  p o i n t  x 

i n  the method of genera l i zed  Four ier  s e r i e s  is  equal  t o  

where G(x,s)  is t h e  Green func t ion ,  and f o r  i ts computation by us ing  t h e  

Buniakowski-Schwarz i n e q u a l i t y ,  we o b t a i n  

Far  computation of t h e  e r r o r  i n  t h e  method of f u n c t i o n a l  equat ions  

We know t h a t  t h e  Green func t ion  G(x,s) has  a logar i thmic  s i n g u l a r i t y ,  

and t h e r e f o r e ,  i n  t h e  equat ion 



computation of (6.9) al lows a l a r g e r  v a l u e  than  computation of (6,BO), 

I n  conclusion l e t  us say  a few words about computation of t h e  er ror  in 

t h e  method of func t iona l  equat ions .  We know [ 3 4 ]  t h a t  f ~ n d a m e n t a ~  problems 

i n  t h e  theory of approximate methods a r e  encountered i n  t h e  following 

sequence: 

1. Construct ion of an algorithm. 

2.  Establishment of a convergence. 

3. Computation of t h e  r a p i d i t y  of convergence. 

As shown above, t h e  f i r s t  two problems f o r  V. D. Kupradze's se thod are 

solved.  

For t h e  e r r o r  d N ) ( x ) = u  ( x ) - d N ) ( x )  of t h e  approximate s o l u t i o n  to t h e  

D i r i c h l e t  problem,we f i n d  t h e  following expression: 

where q p ( ~ )  is  t h e  f i n i t e  genera l i zed  Four ier  sum f o r  t h e  func t ion  v(y) according 

t o  a c e r t a i n  complete orthonormalized system of func t ions .  Computation of the  

d i f f e r e n c e  

is  a problem of genera l  harmonic a n a l y s i s  and f o r  i ts  s o l u t i o n  we must 

genera l i ze  t h e  theorem of  D. Jackson [ l o ]  (see ,  f o r  example, t h e  general ized 

theorem of Stone-Weierstrass [ 3 5 ] ) .  We know [ 3 4 ]  t h a t  a r e a l  

computation can b e  obta ined only i n  a q u i t e  l i m i t e d  number of problems,and there-  

f o r e  t h e  a p o s t e r i o r i  computations a r e  of no less s i g n i f i c a n c e ,  a l l  the more 

s i n c e  such a computation can be  obta ined by machine methods and i r r  may be [341 

used f o r  au tomat ica l ly  changing f u t u r e  computational programs. 



I f  we assume t h a t  $ ( s )  has  a f i n i t e  d e r i v a t i v e  wi th  r e s p e c t  t o  t h e  normal 

( t h e  corresponding s u f f i c i e n t  cond i t ions  a r e  given i n  [36]) from t h e  boundary 

conditions and t h e  Taylor expansion, we f i n d  

where x(y) is t h e  po in t  of region B which i s  a t  a d i s t a n c e  6 from t h e  p o i n t  
i 

g along the normal 

where 

S u b s t i t u t i n g  (6.12) i n t o  (6.11),  we o b t a i n  

It i s  easy t o  s e e  t h a t  f o r  a wide c l a s s  of s u r f a c e s  ( f o r  example, i f  s(A, /49 
[ 361 ) and f o r  a s u f f i c i e n t l y  smal l  6 > 0, we can t a k e  a cons tan t  and i n  such 

case x ( ~ 1 f . B ~ .  Then (6.13) assumes t h e  fol lowing form: 

L e t  us analyze t h e  space '07 of a l l  i n t e g r a b l e  func t ions  w(x), determined 

i n  the region B wi th  t h e  boundary s The norm of t h e  element of t h i s  space 
0 0 ' 

i s  ictrsduced a s  



where o ( $ / ) = w ( x )  I,, xo is a ce r t a in  s t r i c t l y  i n t e r i o r  point  of t h e  region B 
i' 

From (6.14) i t  is easy t o  obtain an approximate computation of the 

e r r o r  E~N)(x) from t h e  norm of the  space 1JZ . In f a c t  w e  have 

where 

M is  the maximum of t he  absolute value of t he  f i r s t  der iva t ive  of the  mknom 
1 

function Q i n  the  closed region E. After  taking 6 s u f f i c i e n t l y  small, w e  

f ind  the approximate value 

The norm of t h e  space does not give the  p o s s i b i l i t y  f o r  computing 

the  maximum of t he  modulus of e r r o r  &IN' . I f  t he  right-hand s i d e  of t he  

computation (6.15) is small, then t h i s  s t i l l  does not  ind ica te  smallness of 

&LN' , but ,  i f  t he  right-hand s i d e  of Expression (6.15) is l a rge  then the error 

elN) , a t  l e a s t  near  t h e  boundary, w i l l  be s u f f i c i e n t l y  large.  This i s  the 

meaning of Expression (6.15). 

It is a l so  easy t o  obtain an approximate a pos t e r io r i  computation for the  

e r r o r  e iN) (y )  i n  the  sense of t he  metr ic  of t h e  space cU. In  f a c t ,  i f  w e  take 

(6.12) i n t o  account, we f ind  



ELN) ( y )  = dN) [x (!dl -I ( Y ) - , ( ~ ) ( ~ ) +  &IN) [x (d l  + O (a j  
6 0' 

where 

42' (9 )  = y (J) - 9 ) ( N )  ( y )  

0 @) = El!') ( y )  a ,  

The o r d e r  " ' O ' h e  ob ta in  from t h e  convergence of t h e  f i r s t  procedure,  i . e . ,  from 

t h e  z o n d i t i o n  E $ ~ ) ( Y ) +  0 , With a s u f f i c i e n t l y  smal l  6 we f i n d  t h e  fol lowing 

simple approximate computation: 

The es t imate  of (6.16) is  der ived f o r  t h e  p o i n t s  x <  B, , d i s t r i b u t e d  on 

the surface 2, .which remains a t  a d i s t a n c e  6 from t h e  boundary s. 

Let us denote t h e  region bounded by t h e  s u r f a c e s  S and 2 a s  B' .  From 

(6.11) it i s  c l e a r  t h a t  u ( ~ ) ( x )  is a harmonic funct ion,  and t h e r e f o r e  on t h e  

s t r eng th  of t h e  maximum p r i n c i p l e ,  we o b t a i n  

max ~ E ~ N ) ( x ) I  6 max IdN) [ x ( y )  I--+ ( ~ 1 1 .  
xEB,-B' xES 

Let us no te  t h a t  f o r  t h e  p o i n t s  d i s t r i b u t e d  a t  a s u f f i c i e n t  d i s t a n c e  

Erorr, the boundary s, computation of (6.16) may g ive  over ly  l a r g e  values.  

Passing t o  t h e  l i m i t  when 6 - t O  , t h e  approximate computations of (6.14) - 
<6,16B become completely s t r i c t .  However, f o r  t h e i r  use  we rcust compute t h e  

integrals of t h e  unbounded func t ions  [ 3 7 ] .  



57. S e r i e s  of 'Nonorthogorial 'Syst&ns 'of  'Functions 

Many problems of app l ied  mathematics a r e  reduced t o  o b t a i n i n g  expansion 

of t h e  func t ions  ' P ( ~ ) G G ~ ( G )  , where G is  t h e  region f o r  de te rn in ing  t h e  variabLe 

x, i n  a series of func t ions  of t h e  complete system { y i ( x ) ] / .  For convergence 

i n  L ( G )  of t h e  series 2 

t o  (P (x) it i s  s u f f i c i e n t  t o  ob ta in ,  from t h e  given system, a l i n e a r l y  

independent system ( a f t e r  excluding t h e  "extra" f u n c t i o n s ) ,  then t h e  ~ r t k l o n ~ f -  

malized system { o f ( x ) )  

and t o  t a k e  t h e  Four ie r  series of func t ions  cp(x) according t o  t h e  system (mi (x) 

For t h e  c o e f f i c i e n t s  a(N) of S e r i e s  (7.1) we o b t a i n  
i 

I n  p r a c t i c e ,  or thonormal izat ion of a large'8' number of l i n e a r l y  independent 

func t ions  involves  s i g n i f i c a n t  d i f f i c u l t i e s .  F i r s t  wi th  o r t h o n o m a l i z a t i o n  s f  

n-functions we a r e  requ i red  t o  compute wi th  a high degree of accuracy the 

elements of t h e  Gram determinant ,  i .e. ,  i f  we t ake  i n t o  account t h e  symmetry 

of t h i s  determinant ,  and n ( n  + 1 ) / 2  i n t e g r a l s  of t h e  types 

On t h e  numerical  examples [22, 231, c a r r i e d  out  w i t h  t h e  a i d  of stand- 
a r d  programs [27, 281, we were convinced t h a t  i n  a number of cases  t h e  method 
of t h e  Four ie r  series with  a low degree of accuracy (2 d i g i t s )  r e q u i r e s  a 
smal l  number of expansion terms. However, a f u r t h e r  i n c r e a s e  i n  accuracy 
s i g n i f i c a n t l y  i n c r e a s e s  t h e  required number of expansion terms, and therefore 
a l a r g e  number of func t ions  must b e  orthonormalized. 



This requ i res  a l a r g e  amount of machine time. Thus, f o r  example [22, 231, 

o r t h e n o m a i i z a t i o n  of t h e  system 

[lnr(Mi, M) )  ( i=l ,  2, 3 ,..., 28), 

where r(M m) is  the  d i s t a n c e  between t h e  f i x e d  p o i n t  Mi and t h e  v a r i a b l e  
i' 

M, Mi f s,, IM E s, s and sl a r e  concen t r i c  c i r c l e s  wi th  r a d i i  of 1 and 1.05 r e q u i r e s  

about two  and a h a l f  hours of machine time on t h e  BESM-2 ( t h e  accuracy of 
- 6 conputing t h e  i n t e g r a l s  i s  1 0  ) .  

The second d i f f i c u l t y  i s  more s u b s t a n t i a l  and involves  t h e  smal lness  of 

the Gram determinant f o r  u n r e l i a b l e  l i n e a r l y  independent systems 116, 241 

(which a r e  n o t  a Barry b a s i s  [38]) . Thus, f o r  t h e  u n r e l i a b l e  [22, 231 System 

( 7 . 2 )  i n  the  case  of concen t r i c  c i r c l e s  S and S wi th  r a d i i  1 and 2 ( t h e  
1 

points M were d i s t r i b u t e d  uniformly on t h e  c i r c l e  s ) we were unable [22] 
i 1 

from t h e  respec t ive  G r a m  determinant t o  o b t a i n  a tenth-order determinant t h a t  

is nonmachine ze ro  (computations were c a r r i e d  out  on t h e  BESM-2 computer), 

al though w e  know [ I ]  t h a t  t h e  system (7.2) i s  l i n e a r l y  independent. Thus, t o  

orthonormalize t e n  func t ions  from System (7.2) on t h e  BESM-2 (39 d i g i t s ,  of 

which 32 a r e  f o r  t h e  mantissa) i s  impossible.  We must a l s o  b e a r  i n  mind t h a t  

the ordinary summation of t h e  Four ie r  s e r i e s  is  n o t  s t a b l e ,  and t h e  problem of 

approximate determinat ion of t h e  func t ions  a t  a c e r t a i n  p o i n t  according t o  t h e  

approximate values  of t h e  Four ier  c o e f f i c i e n t s  i n  t h e  m e t r i c  func t ion  1 i s  
2 

an improper problem [39].  

From t h e  above i t  becomes c l e a r  t h a t  i t  i s  important t o  cons t ruc t  

algorithms f o r  obta ining t h e  c o e f f i c i e n t s  a!N) of s e r i e s  (7.1) wi th  respec t  t o  
1 

nonorthogonal systems of func t ions .  It i s  c l e a r  t h a t  t ak ing  t h e  Four ier  coef- 

f i c i e n t s  as a(N)  i n  (7.1) genera l ly  speaking,  w i l l  n o t  guarantee  convergence. 
i 

Thus, w e  know [1 ,  31 t h a t  i f  t h e  p o i n t s  Mi a r e  d i s t r i b u t e d  everywhere densely 

on S then System (7.2) i s  complete i n  L ( s )  . However, i f  we expand t h e  
1" 2 

constant  C over S i n  a Four ier  s e r i e s  according t o  System (7.1) , we o b t a i n  



N N C-x ~{~)lnr(M,. M)=a lnr(Mi, M), 
i =  1 i = l  

where 

( the  i n t e g r a l  i n  the  right-hand s i d e  of t he  l a s t  expression does not depend on 

t h e  locat ion of t he  point  M on Sl). 
i 

In the  present sec t ion  we discuss  a new method [25] f o r  expanding the fmc-  

t i ons  i n  a s e r i e s  of nonorthogonal systemsof functions. In  the theorem 

discussed below we give s u f f i c i e n t  conditions f o r  convergence of the 

respect ive se r i e s .  A s  w i l l  be  shown below, the  proposed s e r i e s  give a s l i g h t l y  

b e t t e r  approximation i n  comparison with the Fourier s e r i e s  f o r  the  approximarely 

orthonormalized functions. 

Let us seek the  expansion C aiyi of t h e  function rq(x) with respect t o  the 

system (c4! ( x ) )  (i=l, 2, ... ) , the functions of which w i l l  be  assumed normialized, 

The essence of t he  proposed method i s  as follows: 

The f i r s t  coef f ic ien t  a coincides with the  Fourier coef f ic ien t  f o r  the 
1 

functions 

The difference Y-alQt i s  termed the  f i r s t  remainder. The second eoeff  ic ient  

i s  the Fourier coef f ic ien t  f o r  t h e  f i r s t  remainder 

a, = (rq -a,cp,) cp, dx. I- 
'G 

h 

The difference p - . E L a i  'Pi is  termed t h e  kth remainder. The (k 3- l j t h  coef- 
I =  

f i c i e n t  i s  the  Fourier coef f ic ien t  f o r  the  kth remainder 



L2t US in t roduce  t h e  following d e f i n i t i o n s :  

The proof t h a t  I / ~ ( ~ ) ( x )  I I L 2  + 0 when n +m w i l l  be equ iva len t  t o  proof of t h e  

convergence of t h e  S e r i e s  (7.1) i n  t h e  s e n s e  of t h e  m e t r i c  L2 (G). 

It is  obvious from Formulas (7.3), (7.4) t h a t  w i t h  an i n c r e a s e  i n  t h e  - 153 

n u d e r  of expansion terms i n  t h e  S e r i e s  (7.1) t h e  previous  c o e f f i c i e n t s  do n o t  

change, and we must compute only t h e  c o e f f i c i e n t s  f o r  t h e  new expansion terms. 

This significant advantage (from t h e  computational view po in t )  is simultaneously 

a. sp9bstrantia:L disadvantage of t h e  proposed method. I n  f a c t  i n  many cases  it i s  

certainly known t h a t  t h e  func t ion  p ( x )  is n o t  represented i n  t h e  form of an 
m 

i n f i n i t e  s e r i e s  a r l Y k  (x ) ,  and t h e r e f o r e ,  i n  t h e s e  cases  t h e  proposed method 
k -  l 

of contstructing t h e  s e r i e s  w i l l  no t  b e  convergent. 

The sequence of p o s i t i v e  numbers I/ ' ( " '" )  I/L2= I/ ( q n ) ( x )  p ( " ) ( x ) )  (n=l ,  2, ...) 

i s  monotonically decreas ing and consequently has  a l i m i t  which we can denote 

by R, In fac t  [lo], 

where G'iy,,  cp2, ... , cp,,) is t h e  G r a m  determinant of t h e  func t ion  I Q1, y2, ... , y r  . 

We can i d s o  show t h a t  f o r  any E > O  w e  f i n d  a f i n i t e  N such t h a t  t h e  
0 

fallming i n e q u a l i t y  w i l l  be  s a t i s f i e d  



where ($9, 9) i s  t h e  s c a l a r  product of t h e  funct ions  cP and $. I n  fac t ,  far any 

e>O , we f i n d  an N such t h a t  
0 

Taking i n t o  account t h e  n o t a t i o n  of (7.3) and (7.4) and t h e  normal izat ion of the 

system { cPi(x) ) +  f o r  any e > 0 we f i n d  an No such t h a t  when S > N ,  we w i l l  have 

Thus, we f i n d  t h a t  f o r  any e ' 0 and a  w h o l e ( f i n i t e )  N we f i n d  an No such that 

where 

S u b s t i t u t i n g  (7.6) i n t o  (7.5) we f i n d  

Using t h e  Buniakowski-Schwarz i n e q u a l i t y  and t ak ing  (7.7) i n t o  account, 

t h e  second and t h i r d  t e r m s  i n  t h e  'right-hand s i d e  of Expression (7.8)  f a r  any 

f i n i t e  N can b e  made as smal l  as d e s i r e d  and t h e r e f o r e ,  we u l t i m a t e l y  f ind  that 

f o r  any E' > 0 and N we f i n d  an N such t h a t  
0 



Thus the  d i f f e r e n c e  between t h e  expanded func t ion  cp (x )  and i t s  s e r i e s  
I' 

C a,y,(x) is "almost" or thogonal  t o  as l a r g e  a number of funct ions  of t h e  system 
i= 8 

j cpi (x) ) as desi red.  

We shall assume t h a t  t h e  func t ion  cp ( x )  and t h e  system I{ cpl  (x) J ( i  = 1,2,. . . ) 
satisfy the  following condi t ions:  f o r  any and N we f i n d  c o e f f i c i e n t s  

0 
b k % k =  N N o +  1, ..., N + N ) ,  such t h a t  

0" 0 

where M is independent of N and N is cons tan t ,  and r is any whole number 0 
satisfying t h e  i n e q u a l i t i e s  No < r <  No+ N .  

According t o  t h e  f a m i l i a r  Muntz theorem [ l o ] ,  Condit ion (7.10) f o r  a f i x e d  
I - 1 r is s a t i s f i e d  by t h e  system { x k i ]  ) j i= l ,  2, ...) when k,  > , lim k, = C! - 2 i-03 i = l  k; 

where t h e  prime denotes omission of p o s s i b l e  k = 0. The same condi t ion  
i 

for a fixed r i s  s a t i s f i e d  by t h e  so-cal led  p o t e n t i a l  system [1,23]. I n  o t h e r  

words,  both t h e  p o t e n t i a l  systems and t h e  system { x k l )  possess  t h e  proper ty  

that, after e l i m i n a t i n g  any f i n i t e  number of func t ions ,  they aga in  become 

complete in L W e  must however, mention t h a t  i n  i n e q u a l i t y  (7.10) r depends /55 2' 
on M, En f a c t ,  a f t e r  i n c r e a s i n g  N ,  a s  fo l lows from (7.9) we must i n c r e a s e  No. 

Therefore, we can never  state t h a t  f o r  t h e s e  systems i n e q u a l i t y  (7.10) is 

s a t i s i f f e d ,  S a t i s f a c t i o n  of i n e q u a l i t y  (7.10) depends both  on t h e  system 

[ cp; (,r) j, and on t h e  expanded func t ion  cp (x)  . 

Condition (7.11) when N = 1 is s a t i s i f i e d  by t h e  Four ie r  c o e f f i c i e n t s  0 
according t o  t h e  complete orthonormalized system ( t h e  equa t ion  of c losure ) .  



The fol lowing theorem is  v a l i d .  The s e r i e s  C ai yi ( x ) ,  where the a, are 
i= 1 I 

computed from (7 .4) ,  of func t ions  $(x) wi th  respec t  t o  t h e  system S+i(~)), 
which s a t i s f y  Condit ions (7.10) and (7.11), converges when N -t  to this fune- 

t i o n  i n  t h e  sense  of t h e  m e t r i c  of t h e  space L (G) .  2 

I n  f a c t  from (7.9),  (7.11) and t h e  Buniakowski-Schwarz i n e q u a l i t y  w e  

o b t a i n  

where t h e  bk s a t i s f y  t h e  cond i t ion  

E and E a r e  numbers as smal l  as des i red .  
3 4 

From (7.12) and (7.13) we o b t a i n  

where E i s  a number a s  smal l  a s  des i red .  
5 

Condition (7.10) of t h e  proven theorem contains  t h e  func t ion  4''' (x) and 

consequently i t  is  d i f f i c u l t  t o  prove. Therefore ,  t h e  fol lowing assumption 

is of i n t e r e s t .  I f  t h e  func t ion  $(x) and t h e  system ( $ i ( ~ ) )  ( i  = 1, 2 $  * .  .) 

s a t i s f y  t h e  cond i t ions :  f o r  any whole f i n i t e  N and any u(x) E L2 w e  find 
0 

c o e f f i c i e n t s  b ( k  = No,  No + I, . . .) , such t h a t  
k 



where M is a cons tan t  independent of No; f o r  any s > 0 we f i n d  an n  such t h a t  
0 

where 

then the s e r i e s  

where a+ are computed from (7.4),  converges on t h e  average when n,, t o  t h e  
d 

funct ion (P (2) . 
la fact from (7.5) w e  f i n d  t h a t  f o r  any E > 0 we can f i n d  an n  such t h a t  

m 2 a9 

0 

r > C ( v ' ~ ' ,  ~ k + 3 ~ = -  C (p (no), ~ k + l ) ~  + C - 4.l) . ~ k + , ) ~ - ! -  

k=n, k=n, k=n, 

From (7.14) and t h e  last i n e q u a l i t y  we f i n d  t h a t  f o r  any E > O we f i n d  

an n such t h a t  
0 

Using (7 lo1) and (7.111) f o r  t h e  func t ion  p ( n o ) < ~ I  when No = no w e  o b t a i n  



o r  us ing t h e  Buniakowski-Schwarz i n e q u a l i t y  and t h e  theorem(') on 

c o n t i n u i t y  of t h e  s c a l a r  product 

where E is  a  q u a n t i t y  t h a t  i s  as s m a l l  a s  des i red.  

Condit ion (7.10 ), u n l i k e  Condition (7.10), has a  simple meaning: t he  
1 

system ( O ~ ( X ) )  ( i  = N N + I , . . . ) ,  where N is any f i n i t e  whole n u d e r ,  
0 '  0  0  

must remain complete i n  L Let us prove t h a t  t h e  system ( j n r ( M , ,  \ 2' 
of d iscont inuous  p o t e n t i a l  func t ions  [22, 241 where MES and MIES satisfies 

Conditions (7.101) and (7. I l l )  f o r  t h e  space L2(s).  Le t  t h e  func t ion  

, -f be  or thogonal  t o  a l l  func t ions  of t h i s  system. We must prove 

t h a t  r(M)=U . Let  us analyze t h e  i n t e g r a l  opera to r  

which t ransforms t h e  space L2 (s) (y (MI) < L, (s) ) i n t o  t h e  space Lip a 

( = i p  a) . The continuous func t ion  (M) t akes  zero  va lues  on the set of 

p o i n t s  Mi t h a t  is everywhere dense on S ( i n  view of t h e  o r thogona l i ty  of 

Y ( M i )  t o  all func t ions  of t h e  examined system),  and consequently i t  i s  equal. to 

abso lu te  zero  on s, and on t h e  s t r e n g t h  of i t s  harmonicity,  e v e r p ~ h e r e  outside 

s a l s o .  But, t h e  p o t e n t i a l  of t h e  s i n g l e  l a y e r  1 lnr(M1. M )  I (MJ)  d!j., i s  then 
S 

i d e n t i c a l l y  equa l  t o  zero ,  when i t s  d e n s i t y  y(M,) i d e n t i c a l l y  eq~lals zero, L e t  

us /now show t h a t  f o r  any E 0, u (M) EL, (s) and N we f i n d  c o e f f i c i e n t s  
0  

b  (k = No, No + 1,. . . ,No + N) , such t h a t  k 

. . 

- 
We b e a r  i n  mind t h e  known theorem t h a t  i f  Yn-7 and 'knit!'- then 

(?a* $ n I 4 ( ~ ,  $1 . 



On the s t rength  of the  proven completeness of t he  system being analyzed, we f ind  

coef f ic ien ts  C (k = 1, 2 ,  . . . , N1), such t h a t  k  

Since the points  Mk are  d i s t r i bu ted  everywhere densely on s ,  then from any point 

M. ( j  = 1 , 2 , .  . . ,N ) we f ind  a  point M such t h a t  r > N and 
J 1 r 

j 
j 0 

here C = rnax l C, 1 
I' . Taking t h i s  l a t t e r  inequal i ty  and t h e  Minkowski inequal i ty  

into account, we f ind  

Af te r  taking f o r  N and b (k = No, ..., N + N) the  following values: k  0 

( Ci when Mk=M, 
N=manr,-No, bA= , 

I when Mk*Mrj 

we f i n d  

N o w  l e t  us proceed t o  proving (7.11 ). For t h e  system { Inr(M, , ,  M )  we 1 
can grove *a s ign i f i can t ly  s t ronger  assumption: f o r  any function u (M)cL , ( s ) ,  any 

N and any e > O ,  we f ind  such coef f ic ien ts  bk (k = N 
0 0'"" 

N + N) , t h a t  0 



and 

Let us represent  u(M) i n  t he  form of a  po ten t i a l  of t h e  s i n g l e  l aye r  

and s u b s t i t u t e  t he  i n t e g r a l  i n  the  right-hand s i d e  by the Riemann sum and prove 

t h a t  f o r  any E > O  we f ind  an N such t h a t  

where hk i s  the length of t he  kth segment dividing the  boundary s ,  i n  which 

we take  the  point %. Taking i n t o  account t h a t  the  poin ts  % are d i s t r i b u t e d  

everywhere densely on s, and 'vi(s) is a  continuous function, we obtain 

N 

-2 hk v ( ~ d l l n  r (M. Mk) I v  (E) In r (M, a) ds- dsd+ 
k= 1 d 

S S 

N N  

+C C h, v (M~I hj v (M,) [in r (M, M,,) in r (M, Mi) cisd= 
k= l  ] = I  

S 



where E~ and E~ a re  numbers as small as desired. Thus, a s  the coe f f i c i en t s  bk 

we can take the numbers h,, v (M,) and theref  ore ,  

No+ N At0+ N No+ N J7 b2 = V' ( L M ~  < h(N) C bk v2 ( ~ 3  = h ( ~ )  [p (M) dsX+er ] 
I< '= N ,  k= o ' k= No s 

where c3 is  a n w b e r  as small a s  desired and htN'==maxh/t k S N  . since when 

N4 in ~ ( N ) - - o ,  then from the  l a t t e r  expression the re  d i r e c t l y  follows (7. 112). 

Sa t i s f ac t ion  of Conditions (7.10 ), (7.112) makes i t  poss ib le  t o  prove the 
2 

following assumption f o r  the  system (lnr(Mh, M)): .  I f  f o r  any /&>O we f ind  such 

an N t h a t  

then the series 

where a xre computed from (7.4), converges on the  average when n 4 cc, t o  
i 

the funcn-,lon P (x)  . In  f ac t ,  from Condition (7. 141) we f ind  

where g. is a quant i ty  as small as desired and 

Thus, we f ind  t h a t  the  norm of t he  functions p ( ~ i , )  can be made a s  small as  

desired,  

Conditions (7.10) , (7.11) a r e  s u f f i c i e n t  but  no t  necessary conditions 

fo r  convergence of t h e  proposed se r i e s .  Thus, f o r  complete orthonormalized 

systems, Condition (7.10) i s  not  s a t i s f i e d .  However, f o r  these systems the 



given s e r i e s  ( i n  t h i s  case  they co inc ide  wi th  t h e  Four ier  s e r i e s )  converge. 

Let  us a l s o  mention t h a t  t h e  d i f f i c u l t i e s  i n  or thonormal izat ion a r i s e  nmely  

f o r  systems which s a t i s f y  Condition (7.10) (not  minimal systems [40] ) ,  and 

t h e r e f o r e ,  f o r  such systems cons t ruc t ion  of t h e s e  s e r i e s  has  an advantage over 

t h e  Four ie r  s e r i e s  ( i n  t h e  sense  o f  p r a c t i c a l  app l ica t ion) .  

A t r i v i a l  example of t h e  system which s a t i s f i e s  Conditions (7.10) , (7,111 
can be  cons t ruc ted  i n  t h e  fol lowing manner. Let  PI, P 2 . .  . b e  an a r b i t r a r y  

i n f i n i t e  sequence of inc reas ing  whole numbers, limpL-cn. From t h e  orthonoma- 
i- w 

l i z e d  complete system { ~ ~ ( x ) }  we can formulate  t h e  fol lowing normalized system 
r 

( q i ( x )  \ , where @ji (x )= .g j (x ) ,  j - i -  C Pk, r i s  t h e  g r e a t e s t  whole number f o r  which 
r k -  1 

C Pk< i -  
k= 1 

The system { q i ( x )  \ has t h e  fol lowing form: 

It is easy t o  s e e  t h a t  when limP,=cx>, i t  s a t i s f i e s  Condit ions (7.10) , and 
i-r a7 

(7.11). Let  us analyze t h e  system {Q,i} 

where n P .  a r e  whole numbers, and t h e  system {@i} is  orthonormalized. We 
i' 1 

can show t h a t  t h e  c o e f f i c i e n t  of t h e  s e r i e s  computed from (7.4) f o r  the func- 

t i o n  Q, ( s  i s  an a r b i t r a r y  whole number) of t h e  S e r i e s  (7.16) coincides  w i t h  
S 

t h e  Four ie r  c o e f f i c i e n t  f o r  t h e  func t ion  Q, i f  @ was f i r s t  encountered i n  
s ' s 

S e r i e s  (7.16);  and is equal  t o  z e r o  is  Q, p r i o r  t o  t h i s  was encountered i n  
S 

S e r i e s  (7.16). I n  f a c t  from (7.4) f o r  t h e  f i r s t  case  we have 

and f o r  t h e  second case  (Q, Z a r ,  where r is a whole number smal le r  than S) 
S 





t o  one s ing le  i t e r a t i o n  f o r  System (7.17), when as the  i n i t i a l  approximation 

.... f o r  t h e  vector  ( A l ,  ..., An) we take the  n u l l  vector  A ( O )  (0, O),i.e., 

where is a vector  whose components a r e  Fourier coef f ic ien ts ,  B i s  a 

matrix which corresponds t o  t he  following descr ipt ion of System (7.17) 

h=BA+R, 
(7.18) 

A(') = (hi'), .... At)), AcO) = (0, .... O), R = ( (q, qJ1),  ..., (y, y,,) ). 

Let us wr i t e  (7.18) i n  the following form: 

where 

Computation of the Coeff icients  of (7.4) with respect t o  the  system ( q l )  corres- 

ponds t o  one i t e r a t i o n  according t o  Se ide l ' s  method f o r  System (7.18)  o r  t o  one 

s i n g l e  i t e r a t i o n  f o r  t h e  system 

A= (I-B,)-' B, A+ (I-  Bl)-' R, 

where I is the  un i t  matrix when as  t h e  ini t ia1,approximation we take the n u l l  /$2 
vector  A(O)=(O,  .., , 0) , i . e .  , 



where a'A' is  a v e c t o r  whose components a r e  c o e f f i c i e n t s  of t h e  proposed series. 

Let us mention t h a t  a l l  t h e  e igenvalues  of t h e  mat r ix  (I - B1)-' B~ a r e  l e s s  

than unity. I n  f a c t ,  s i n c e  t h e  q u a t r a t i c  form corresponding t o  t h e  Gram mat r ix  

is  p o s i t i v e - d e f i n i t e ,  then S e i d e l ' s  method f o r  System (7.18) o r ,  what amounts 

t o  the same t h i n g ,  t h e  method of s i n g l e  i t e r a t i o n  f o r  System (7.19) con- 

verges f o r  any i n i t i a l  approximation and right-hand s i d e .  For such an 

approach t h e  above theorem i s  equ iva len t  t o  t h e  fol lowing s ta tement .  For an 

approximate s o l u t i o n  t o  System (7.17) f o r  s u f f i c i e n t l y  l a r g e  n ,  only one i t e r a -  

t i o n  i s  s u f f i c i e n t  [ i t  i s  assumed t h a t  t h e  system {$i} and t h e  func t ion  $(x) 

s a t i s f y  Conditions (7 . lo )  and (7.11) ] according t o  S e i d e l  's method. 

Since  computation of t h e  elements o f  t h e  G r a m  m a t r i x  ( s c a l a r  p roduc t s ) ,  

and n a t u r a l l y  t h e  process  of orthonormaliz a t i o n ,  a r e  accomplished wi th  a 

f i n i t e  nmnber of d i g i t s ,  then  i t  is c l e a r  t h a t  t h e  mat r ix  corresponding t o  

System 97,*17) w i l l  n o t  be  a u n i t  matr ix .  It w i l l  somehow b e  "perturbed". The 

c o e f f i c i e n t s  of t h e  b e s t  approximation h e r e  w i l l  b e  found from t h e  system 

where E a r e  smal l  pe r tu rba t ions  produced by round-off e r r o r s  and e r r o r s  i n  
i , j 

computing t h e  s c a l a r  products ( i n  t h e  case  of t h e  L space - by e r r o r s  i n  
" 2 

i n t e g r a t i n g ) .  Na tura l ly  he re  w e  assume t h a t  max C I G ~ : , , . ~  1 < I .  It is i n t e r e s t i n g  
k j=l 

which s e r i e s  is more f e a s i b l e  t o  use  i n  such cases  - t h e  Four ie r  s e r i e s  o r  

the proposed s e r i e s ?  More p r e c i s e l y ,  what r e l a t i o n s h i p  e x i s t s  between t h e  

numbers 1 1 h - a(') / I and 1 1 h - a(*) I I , where t h e  v e c t o r  h is  an exact  s o l u t i o n  

t o  System (7.20). 

""Since t h e  diagonal elements of t h e  G r a m  mat r ix  of t h e  l i n e a r l y  
independent system a r e  p o s i t i v e ,  then t h e  p o s i t i v e  determinancy of t h e  respec- 
t i v e  q u a d r a t i c  form i s  no t  only a s u f f i c i e n t  b u t  a l s o  a necessary  cond i t ion  
f o r  convergence of S e i d e l ' s  i t e r a t i o n  process  (E.  Reich, s e e  1421). 



Since i n  t h i s  case Se ide l ' s  i t e r a t i o n  process converges more r a p i d l y  
n 

1421 than the  s i n g l e  i t e r a t i o n  process and t h e  norm of the  matrix max k j-l 2 1 %vj/ 
i s  subordinate t o  t h e  f i r s t  norm of t he  vectors ,  then i t  is  c l ea r  that the  

f i r s t  norm 1421 of t he  vector  (A-a(@)) w i l l  be  no l e s s  than the first norm of 

t he  vector  (A-dA)), i.e., 

Let u s  note  t h a t  both the  method of t h e  Fourier s e r i e s  and the  method s f  /63 
the  proposed s e r i e s  requi re  carrying out one approximate in tegra t ion  f o r  

computing the  coef f ic ien t  of each new expansion term. 

The f ac to r  4 (k-l) i s  involved i n  t he  computation of e). merefore i t  i s  

n a t u r a l  t h a t  i ts  values a t  ind iv idua l  points  would be taken f o r  checking accuracy 

of the  expansion s i n c e  

Numerical Example. In  a number of cases f o r  s eve ra l  regions G there are 

tabulated coe f f i c i en t so f  orthonormalization, and the  expansion of the  f m e t i a n  

~ ( x )  must be  ca r r i ed  out i n  $he region G ' ,  i n  a ce r t a in  sense near  t o  6 ,  

Thus, f o r  example i n  [43] there  a re  t a b l e s  of coef f ic ien ts  of orthonormal- 

i z a t i o n  f o r  the  harmonic polynomials which a r e  orthonormal on an e l l ipse ,  

In  [43] 230 e l l i p s e s  were analyzed with various r a t i o s  of t h e  semiaxis 

p = b/a.  The t a b l e s  a r e  used f o r  solving the  i n t e r n a l  Di r ich le t  problem f o r  

t he  analyzed e l l i p s e s .  Let us solve the  Dir ich le t  problem f o r  suclh, an ellipse 

which was not analyzed i n  [43]. In  t h i s  case i t  i s  na tu ra l  t o  use the ortho- 

normalized harmonic polynomials f o r  t h e  e l l i p s e  analyzed i n  [43] with she 
b value p=-  t h a t  is neares t  t o  t h e  given e l l i p s e .  Here the  question arises 
a 

a s  t o  which s e r i e s  a r e  used? 



W~en d: .and G '  a r e  s u f f i c i e n t l y  c lose ,  t h i s  quest ion is 'analogous t o  t h e  

question analyzed above ( f o r  approximate or thonormal izat ion) .  Here w e  analyze 

one numricsl example. Let  us look at  System (7.2) f o r  t h e  e l l i p s e s  s and sl, 

with semiaxes 1 and 0.5,  2 and 1, respec t ive ly .  

where 

Table 4 gives t h e  c o e f f i c i e n t s  of or thonormal izat ion Ak,i of t h i s  system f o r  

the interval 0  < a  2% . Let us seek t h e  s o l u t i o n  t o  t h e  i n t e r n a l  D i r i c h l e t  

problem 

Au=O, 

f o r  the e l l i p s e  s with  semiaxes 1 and 0.45. The c o e f f i c i e n t s  of orthonormali-  /64 1' 
zar ion  of the System (7.2) on t h i s  e l l i p s e  w i l l  no longer  co inc ide  wi th  those  

above, since i t  t a k e s  t h e  following form: 

(2 cos q - c o s o ~ ) ~  + (sin ~ ~ - 0 , 4 5  sin C C ) ~  

However, the func t ions  

w i l l  be erougl~ly orthonormalized a s  Table 5 shows i n  which t h e  Gram mat r ix  is 

given q j ) )  f o r  t h e  system ( q i !  . Table 6 gives  t h e  Four ie r  c o e f f i c i e n t s  

a,(@) of the func t ion  $(s) f o r  t h e  system (Or  \, , t h e  c o e f f i c i e n t s  (7.4) 

of the proposed s e r i e s  a of t h e  func t ion  f o r  t h e  system ( q l }  and t h e  i 



c o e f f i c i e n t s  X of t h e  b e s t  approximation i n  t h e  sense  of t h e  m e t r i c  E of the 
2 

func t ion  $(s) as  func t ions  of t h e  system { + [ I .  hl can be found e i t h e r  from the 

system 

1 

o r  an  orthornormalized system can b e  obta ined on s f o r  w,= C C h , i y i ,  the  Four ie r  
k= 1 

s e r i e s  of t h e  func t ion  I) f o r  t h e  system can be  taken 

and then  we can use t h e  equat ions  

It i s  c l e a r  t h a t  both  methods must g ive  c o e f f i c i e n t s  of t h e  b e s t  approximation 

and on t h e  s t r e n g t h  of t h e  uniqueness of t h e  genera l i zed  polynomial of the 

b e s t  approximation f o r  t h e  s t r i c t l y  normalized space L t h e  two systems 
2 ' 

obtained by t h e s e  methods f o r  t h e  c o e f f i c i e n t s  must coincide.  Table 6 

shows t h e  c o e f f i c i e n t s  X computed by t h e  second method from (7.22).  A few i' 
words should be  s a i d  about computation of t h e  c o e f f i c i e n t s  a . We know [&;-21 

i 
t h a t  S e i d e l ' s  method gives  t h e  g r e a t e s t  advantage i n  r a t e  of convergence i n  

comparison wi th  o rd inary  i t e r a t i o n  i n  t h e  case  when t h e  equat ions  a r e  

arranged i n  o rder  of i n c r e a s i n g  C art, , by taki-ng f o r  t h e  f i r s t  equat ion that 
i 

i n  which t h i s  sum is t h e  smal les t .  Therefore  [ see  Table 5 which gives the 

c o e f f i c i e n t s  of System (7.21)] t h e  c o e f f i c i e n t s  ai were determinedin  the 

following sequence : 



Prom the  t a b l e  i t  i s  c l e a r  t h a t  both the  f i r s t  and the  second and t h i r d  

norm 8421 of t he  vector  X - a a r e  l e s s  than t h e  respect ive norms of t he  vec- 

t o r  

The next four  columns of Table 6 give the values of t he  functions 

17 

TI (M) = C 1, ln r (Mi. M! 
k-= 1 

12 

I 

where Mi is the  point  with coordinates Xi=COS q. &=Sin = 1, 2, . .  , 1 )  a t  

12 interior points  M ( ~ )  of t h e  e l l i p s e  ;, with coordinates 

M(') (0, -0,9), M(2) (0, -0,8), M(3) (0, -0,7), M(4) (0, -0,fj), 

M(') (0, -0,5), M(') (0, -0,4), M(7) (0, -Q,3), ~ ( 8 )  (0, - ~ , 2 ) ,  

(0, -0, I), M(lO) (0, O), Mcfl) (0, 0, I), M(12) (0, 0,2). 

From Table 6 ,  i t  i s  c l e a r  t h a t  the approximate so lu t ion  t o  t h e  Dir ich le t  

problem analyzed above according t o  t h e  method of t he  analyzed s e r i e s  

gives mare exact values than the approximate so lu t ion  of t h i s  same problem by 

the method s f  Fourier s e r i e s  . Let us mention t h a t  +(M) i s  an exact 



- 
s o l u t i o n  t o  t h i s  problem and +, (M) is  i ts approximate s o l u t i o n  obtained w i t h  

t h e  a i d  of t h e  b e s t  approximation i n  t h e  s e n s e  of t h e  m e t r i c  L2 of t h e  b o u n d a q ~  

func t ion  fp (s) . 
A s  noted above, ob ta in ing  c o e f f i c i e n t s  (7.4) corresponds t o  one iteration 

according t o  S e i d e l ' s  method f o r  System (7.2). I n  t h i s  case  i t  is remarkable 

t h a t  we a r e  n o t  r equ i red  t o  compute t h e  c o e f f f i c i e n t s  of t h i s  s y s t e ~ n  -- the 
s c a l a r  products  ((Pi, (Pi) . This f a c t ,  i n  c e r t a i n  i n s t a n c e s ,  may s t r o n g l y  de- 

c rease  t h e  number of requ i red  quadratures  i n  f i n d i n g  t h e  c o e f f i c i e n t s  of' the 

b e s t  approximation, i.e., i n  s o l v i n g  System (7.21). I n  f a c t ,  let us be 

requ i red  t o  f i n d  t h e  f i r s t  n c o e f f i c i e n t s  hi i n  t h e  b e s t  approximation of the 

func t ion  I) with  r e s p e c t  t o  t h e  system { c p l J .  Let  us t a k e  t h e  new system 

{ 9 1 )  (i= 1, 2, ... , N; Ijl>n) , where h=(Pj, k = j  (modn) and f i n d  t h e  coefficients 

of t h e  proposed s e r i e s  according t o  t h i s  system. It is  easy t o  s e e  that this 

w i l l  correspond t o  S e i d e l ' s  i t e r a t i o n  process  f o r  Ssytem (7.21). Were the 

number of i t e r a t i o n s  w i l l  b e  equa l  t o  N/n, when N = mn, where m is a whole - /66 

number. A noninteger  N/n means t h a t  S e i d e l ' s  l a s t  i t e r a t i o n  has  n o t  been carried 

t o  t h e  end. Since  computation of t h e  c o e f f i c i e n t s  of System (7.1) requires 

n2 + n12 q u a t r a t u r e s ,  and computation of N c o e f f i c i e n t s  (7.4) r e q u i r e s  N 

q u a t r a t u r e s ,  we may f i n d  t h a t  use  of t h e  method of  t h e  proposed s e r i e s  

is  more convenient than computation of t h e  c o e f f i c i e n t s  of System (7.211 and 

i t s  f u r t h e r  s o l u t i o n  [proper ly ,  s o l u t i o n  t o  System (7.21) by one of the 

modif icat ions  of t h e  Gauss method s t i l l  r e q u i r e s  on t h e  order  of n 3  a r i t h m e t i c  

opera t ions ] .  The l a s t  column of Table 3 gives  t h e  va lues  of t h e  coefficients - 
% obtained when N = 36,  i.e., t h r e e  i t e r a t i o n s  were made f o r  System (7.211 

- 
by t h e  method of t h e  examined s e r i e s .  The c o e f f i c i e n t s  ak were computed 

- - 
from t h e  formula ah=ah+a,,+k+a,+, . The c o e f f i c i e n t s  Xk and ak 

- 
concide wi th  t h e  f i v e  decimal d i g i t s .  Fur ther  i n c r e a s e  i n  t h e  number o f  

i t e r a t i o n s  made no sense  because t h e  s c a l a r  products were computed wi th  s i x  
- 

r e l i a b l e  decimal d i g i t s .  Computation of t h e  c o e f f i c i e n t s  % requ i red  36 

q u a t r a t u r e s  , whereas computation of t h e  c o e f f i c i e n t s  i n  System (7.21) would 

r e q u i r e  78 quadratures  . 





TABLE 5 



TABLE 6 



58. Nonorthogonal Ser ies  i n  Variat ional  Methods 

The method proposed i n  t h e  previous sec t ion  f o r  solving System &7,17)  

may be used i n  va r i a t i ona l  methods. In  essence, expansion of t he  ftznetion 

Q (x)  i n  a s e r i e s  of functions of t he  system 1 1  cqi(x)] may be regarded as t he  

Ritz  method f o r  solving t h e  funct ional  equation E Q ( ~ ) = Y  (x)  , which i s  the  

i d e n t i t y  operator with t h e  coordinate functions ( Y f  (x)j . 

The va r i a t i ona l  methods of determining t h e  coef f ic ien ts  a of the  expansion 
j 

f o r  solving the  func t iona l  equations f o r  a ce r t a in  system [ (Pi 1 lead [ 4 4 ]  t o  the 

following i n f i n i t e  system of equations: 

where Ai ( i  -= 1,2,3,4) a r e  pos i t i ve  o r  pos i t i ve  d e f i n i t e  [44] operators,  

and Q i s  a c e r t a i n  known function. I f  t he  sequences 1 A ~ ~ i  1' and ( A,q9;i, 1 are 
biorthonormalized or ,  when A,  S A,, the  sequence { A,vi 1 is  orthonormal.ized, 

then f o r  the  coe f f i c i en t s  a ,  we obtain 
J 

I n  ce r t a in  instances [22] , however, t he  system ( A,cpi) is not s t rongly 

minimal and i t s  preliminary orthonormalization involves g rea t  d i f f ic :u l t ies  / 2 3 ] .  

Therefore, the question a r i s e s  of approximation so lu t ion  of System (8.1). By 

approximate so lu t ion  of System (8.1) we s h a l l  mean the  vector  ;(N) ( G ~ ' ~ ' ,  . . . , 
TI), which s a t i s f i e s  the  system 

N 

C (AlY,, A2Qh)ajN)=(A3Q, (k= 1, 2, ..., N ) ,  
j = 1  



where e ( e l ,  . . . , E , ~ )  i s  t h e  discrepancy vec to r .  For smallness of t h e  v e c t o r  

(a'") - . where a(N) is  t h e  s o l u t i o n  t o  s y s  tem (8.3) when ~ F O ,  aiNi a r e  

c o e f f i c i e n t s  of t h e  b e s t ,  i n  a c e r t a i n  sense ,  expansion of t h e  s o l u t i o n  t o  t h e  

func t iona l  equat ion f o r  t h e  system {y,}, it  is necessary  t h a t  t h e  express ion 

1 / (A'M"P-ae 1 I be small .  However, i n  t h e  case  of u n r e l i a b l e  s y s  t e m s  (which 

are no- Barry b a s i s  1391) t h e  norm of t h e  v e c t o r  (acN)--a(N)) may be  a s  l a r g e  

as desired but  n e v e r t h e l e s s  t h e  d i f f e r e n c e  between t h e  expanded func t ion  

N 
and i t s  approximation C a!N)cpi may be i n  a c e r t a i n  met r i c  l e s s  than t h e  

i= l 
small number E >  O as much a s  i s  des i red  

in the  Latter case  t h e  r e s p e c t i v e  matrix is poorly def ined and i n  i t s  

v i c i a i c y  w e  f i n d  a degenerate matrix.  As shown i n  [ 4 5 ]  without r e g u l a r i z a t i o n  

h e r e  vie can ob ta in  g r e a t l y  d i f f e r i n g  s o l u t i o n s  which d i f f e r  from t h e  normal 

solution E45 j . 

There f  o re ,  we s h a l l  t e r m  t h e  v e c t o r  s ( ~ ) ,  which s a t i s f i e s  i n e q u a l i t y  (8.4) - /70 

the E-, .approximte s o l u t i o n  t o  System (8.1). 

In the present  s e c t i o n  we can i n d i c a t e  one new method f o r  ob ta in ing  

the  approximate s o l u t i o n  t o  System (8.1). The essence of t h i s  

c e w  method involves  t h e  f a c t  t h a t  i n  t h e  case  of c e r t a i n  systems { t P r \  ( t h e  

respective condi t ions  f o r  t h e  systems w i l l  b e  formulated below) f o r  ob ta in ing  

the approximate s o l u t i o n  t o  (8.1) wi th  a l a r g e  N it i s  s u f f i c i e n t  t o  make only 

one Seidel i t e r a t i o n ,  t a k i n g  a s  t h e  i n i t i a l  approximation t h e  n u l l  vec to r .  

In the Wilbert  space H, i n  which t h e  s c a l a r  product [u,  v] i S  determined i n  

the following manner: 



let  us seek t h e  b e s t ,  i n  t h e  sense  of t h e  m e t r i c  H,  approximate f m c t i o n s  11 
n 

with  t h e  genera l i zed  polynomial x ajVj  . From t h e  o r thogona l i ty  of the 
t t  j= 1 

d i f f e r e n c e  (4- C alpi) t o  any func t ion  Vj we o b t a i n  f o r  d e t e m i n a t i o n  of she 
i= i 

c o e f f i c i e n t s  a' t h e  fol lowing system: 
j 

N 

+ 1 ai pi. PI (k=.19 2, s a . 9  N), 
j 

I f  t h e  opera to r  A1 is t h e  product A1 = A A A where A s a t i s f i e s  t h e  condi t ion 
5 4 6' 5 

and t h e  f u n c t i o n a l  equat ion 

is given,  then by denoting A5A2 = A3, f o r  determining t h e  c o e f f i c i e n t s  i 1 
we f i n d  t h e  system 

We s h a l l  determine t h e  approximate va lues  a of t h e  c o e f f i c i e n t s  a us ing  
j o .l 

~ e i d e l '  s i t e r a t i o n  process  a f t e r  t a k i n g  t h e  v e c t o r  a = (0,. . . ,0) as the 

i n i t i a l  approximation - (A,cp,,A,rq) 
a -= . 

( A 1 ~ 1 + 4 2 P l ~  ' 



Let us note t h a t  i f  t h e  systems { Al T I  1 9  ( A 2 y j  / a r e  biorthonormalized, then 

the coef f ic ien ts  a coincide with the  coef f ic ien ts  (8.2) of t he  function 
j 

then f o r  a we obtain k 

- 
Thus,  ak is a coef f ic ien t  of t he  bes t  approximation(inthe sense of t h e  

examined Milbert space H) , of the  difference 

*--I as  a 
(g - C a j y j ) =  P ( ~ - ' )  function Chq~k [I01 

j= 1 0 f 

where G(up,. . . ,u ) is the  Gram determinant of the  function u 
n u n . Since 

then from Expression (8.5) we obtain 

Thus, t h e  sequence of pos i t i ve  numbers ( 11 Q ( k ) j J  ) is monotonically 

decreasing and consequently has a l i m i t .  I f  we assume tha t  the norm of t h e  



functions qpl a r e  bounded i n  the  s e t  both from both above and from below, from 

(8.6) we f ind  t h a t  f o r  any E > 0 we f ind  an N such t h a t  
0 

But then when S 2  N ,  , s s 

G >  1 (IIv(*)ll)z-(I~v(R+1)II)2 1 =I (AlC+- z a p , ) ,  Az (+-z a,v j ) ) -  
j=l j -T 1 

and on the s t rength  of the boundedness of the  norm of t he  functions do! from ,/7J 

below we have 

I a,+, I <E. 

From the  l a t t e r  inequal i ty  we f ind  t h a t  f o r  any E >  0 and any N we f ind  an M 0 

such tha t  

where 

I I I I < 

Suhs t i tu t ing  (8.8) i n t o  (8.7) we obtain 



But taking (8.9) i n t o  account,we f ind  t h a t  f o r  any E > 0 and a  whole N we f ind  

an N such that 0 

We shall1 assume t h a t  the  system ( c p , }  s a t i s i f i e s  t he  condition: f o r  any E>O of 

a whole N and $ E H we f ind  coef f ic ien ts  bk (k = No, . . . , No + N) such t h a t  a t  

least f o r  one value of r 

and 

where M is  a. constant,  independent of N and N. 0  

O n  the s t rength  of (8.10) , (8.11) , (8.12) and the  Schwarz-Buniakowski 

inequality, we obtain 

Taking into account t h e  l a s t  two i n e q u a l i t i t e s  and the  f a c t  t h a t  Q c 1 1  ,73 

we obtain  N,-J- N ll+-p aiyi \ 12=  I I Q ( ~ )  ti2= ( ~ ~ v ( ~ ) ,  A2 & bk rpd- 
J 

j = l  k= , 

where E is a number as small  as  desired. 
2 



Thus,we have proved t h e  following theorem. 

I f  t h e  norms of t h e  func t ion  Y j  i n  H i l b e r t  space H a r e  bounded both from 

above and below t h e  system { ( P I }  and   he func t ion  $ s a t i s f y  Conditions (8-11) and 

(8.12), t h e n  f o r  t h e  &-approximate s o l u t i o n  t o  System (8.1) i t  is  su f f i c i en t  

t o  c a r r y  ou t  a s i n g l e  S e i d e l  i t e r a t i o n  f o r  t h e  system 

0 t a k i n g  as t h e  i n i t i a l  approximation t h e  n u l l  v e c t o r  a (0,0, ..., 0) .  

59. Approximate So lu t ion  t o  One Mixed Boundary Value 

Problem i n  t h e  Theory of Harmonic Functions 

Le t  us analyze t h e  boundary va lue  problem 

Au=O B G, 

c1 

where G is  a mul t ip ly  connected two-dimensional , (thsee-dimensional) region 

(Figure I ) ,  bounded by t h e  contour (surface)  C Ti , and 16. are h i t h e r t o  
i = l  1 

unspecif ied  cons tan t s .  I f  f o r  t h e  holomorphic func t ion  g ( z )  = u + iv, Fche 

Cauchy-Riemann expresseion i s  v a l i d  

a l s o o n t h e  boundary of t h e  region G, then Problem (9.1) i n  t h e  two-dimension- 

a l  case  coincides  wi th  t h e  so-cal led  modified D i r i c h l e t  problem [ 4 6 ] ,  

i.e., t o  f i n d  t h e  f u n c t i o n  u(x,y) which i s  harmonic i n  G and continuous i n  

G + 1 under t h e  fol lowing condi t ions :  (1) u(x,y) i s  t h e  r e a l  p a r t  o f  the  func- 

t i o n  g ( z )  which is  holomorphic, i n  G ;  ( 2 )  i t  s a t i s f i e s  t h e  boundary cond i t ion  



u- w (s)-+-q, where o(s) is  a continous func t ion ,  and c a r e  r e a l  cons tan t s ,  
i / 74 

(11) 
- 

hitherto not  given . 

This  problem is  a r a t h e r  wide-spread one. It is encountered i n  t h e  

approximte  s o l u t i o n  t o  boundary value  problems i n  t h e  theory  of a n a l y t i c a l  

fmct ions  [ 4 2  1, i n  t h e  conformal mapping of mul t ip ly  connected regions  1481, 

in computing f i e l d s  of charged f i l aments  l o c a t e d  n e a r  conducting cyl inders  

etc. 

Figure  1 Figure  2 

In 1461, i t  was proven t h a t  t h e  modified D i r i c h l e t  problem with  one of 

the a r b i t r a r y  cons tan t s  ci s p e c i f i e d  has  a unique s o l u t i o n  which can be  

represented i n  t h e  form of a double l a y e r  ( I2)  p o t e n t i a l .  The i n t e g r a l  

equation. for. t h e  dens i ty  i n  t h i s  case  can b e  ass igned such a form t h a t  t h e  

('I' In order  t h a t  t h e  Problem (9.1) co ic ide  wi th  t h e  modified 
Dir ichlet  problem [46],  i n s t e a d  of Condit ion (9.2) it  is s u f f i c i e n t  t o  r e q u i r e  
satisfaction of  t h e  cond i t ion  

- 'I2' This s o l u t i o n  s a t i s f i e s  Condit ion (9.2)  i n  t h e  c losed region 
G = G + S ,  Hence, as a r e s u l t  of t h e  uniqueness of t h e  a d j o i n t  func t ion  

v(x,y) we  have \$ds=o.  On t h e  s t r e n g t h  of t h e  uniqueness theorem f o r  - 
1 1  

Problem (9,1.), t h i s  means t h a t  i n  t h e  two-dimensional c a s e  Problem (9.1) i s  
equivalent t o  t h e  modified D i r i c h l e t  problem. 



respect ive homogenous equation w i l l  not have a nonzero solut ion.  Howeverq, 

p r a c t i c a l  so lu t ion  t o  these i n t e g r a l  equations, i n  s p i t e  of t h e i r  Fredholm 

character  ( i n  the  case of regions bounded by Lyapunov curves) i s  made more 

d i f f i c u l t ,  s i nce  the  ke rne l  has a va r i ab l e  indeterminancy of t h e  type 0:0 

and t h i s  limits the  accuracy of computing coef f ic ien ts  of t h e  l i nea r  system 

by which the  i n t e g r a l  equation is  replaced i n  t he  approximate so lu t ion ,  

In  [ 4 7 ]  f o r  t h e  approximate so lu t ion  t o  Problem (9.1) (when cm = 0 )  it I s  

proposed t o  use t h e  method of f i n i t e  differences.  The i n t e g r a l  conditions 

a t  t h e  boundary a r e  replaced by the  f in i te -d i f fe rence  approximation, and instead 

of t h e  contours ri , we consider t h e  rectangular contours Ti' (Figure 2 )  

and t h e  conditions 

Hence, from the  harmonicity of u t he re  follow the  i n t e g r a l  conditions 

(9.1). Such a replacement of t he  contours represents  d e f i n i t e  eon.ve?nience 

from t h e  viewpoint of programming t h e  so lu t ion  t o  t h e  respect ive f i n i t e -  

difference system. However, we must mention t h a t  t he  matrix of t h i s  system 

may be s ingular  i n  t h i s  case ( in  [ 4 7 ]  the  question was not  invest igated 

a s  t o  the s o l v a b i l i t y  and uniqueness of the  so lu t ion  t o  t he  obtained f in i t e -  

difference system). Therefore, these  i n t e g r a l  conditions a r e  more f eas ib l e  

t o  analyze namely i n  t he  form of (9.1), i . e . ,  on Ti . For t h i s  from all 

t he  i n t e r i o r  points  of t he  region, t he  dis tances from which t o  t h e  boundary 

ri a r e  l e s s  than v h ,  where h is t h e  grid-point spacing and v i s  a ce r t a in  

constant ( fo r  example, v ~ ~ ' 2 )  , we must drop t h e  normal on l'; and the  points 

of i n t e r sec t ion  of t h i s  normal with T i  must b e  analyzed a s  points  of the 

quadrat ic  formula f o r  t h e  i n t e g r a l s  (1) (13). It i s  easy t o  prove t h a t  

( I3)  The other  terms i n  these formulas w i l l  be  one order of magnitude 
rougher than i n  t h e  formulas from Reference [ 4 7 ] .  However, i t  does not 
follow from t h i s  t h a t  t he  e r r o r  i n  solving t h e  proposed system w i l l  be  
g rea t e r  than the  e r r o r  i n  solving t h e  system used i n  [ 4 7 ] .  



the matrix thus  obta ined of t h e  f i n i t e - d i f f e r e n c e  system on t h e  s t r e n g t h  of 

its i n d i v i s i b i l i t y  (with a s u f f i c i e n t l y  s m a l l  h)  w i l l  s a t i s f y  t h e  cond i t ions  

of the f a m i l i a r  theorem of Olga Tausski [50] on t h e  nons ingu la r i ty  of t h e  

matrices (it is assumed t h a t  a t  t h e  i n t e r i o r  and boundary p o i n t s ,  r e g u l a r  

finite- $if ference approximations are used),  namely t h e  diagonal  term i n  

each row in abso lu te  va lue  w i l l  be  no less than t h e  sum of t h e  a b s o l u t e  

values s f  sLI t h e  nondiagonal terms and i n  some rows ( f o r  t h e  p o i n t s  near  t h e  

contorlir r,,) t h e  diagonal  term w i l l  be,  i n  abso lu te  va lue ,  s t r i c t l y  g r e a t e r  

than the  sum of t h e  abso lu te  va lues  of a l l  t h e  nondiagonal t e r n s .  

For psa.ctica1 s o l u t i o n  of t h i s  system it is necessary  t o  i n d i c a t e  ( i f  

possible) the converging i t e r a t i o n  process,because t h e  e l l i p t i c a l  f i n i t e -  

difference systems as a r u l e  a r e  solved by i t e r a t i o n  methods. Reference [49] 

gives an algor i thm f o r  so lv ing  Problem (9.1) when m = 2 and c2 = 0 (doubly 

connected reg ion) ,  which assumes knowledge of t h e  func t ion  A(z) , which is  

infinitely shee ted ,  and conformal mapping of t h e  given doubly connected region 

onto a s t r i p .  This a lgor i thm is q u i t e  complex and is  f e a s i b l e  t o  be  used only i n  

those cases  when 9 (2) is w r i t t e n  e x p l i c i t l y  ( f o r  o,xample, when t h e  doubly 

connected region i s  a r i n g  1491). 

W e  can show t h a t  t h e  s o l u t i o n  t o  Problem (9.1) can be  cons t ruc ted  

w i t h  comparative s i m p l i c i t y  by t h e  methods analyzed above. 

Let u ( i  = 1,. . . ,m) b e  t h e  s o l u t i o n s  t o  t h e  fol lowing boundary va lue  
i 

where z,, , is  t h e  Kronecker symbol. So lu t ion  t o  Problem (1) w i l l  b e  sought i n  

the following form: 



where c = 1. Then t o  determine the  constants ci ( i =  1, .... m) f r o m t h e  
nrfl  

i n t e g r a l  Conditions (1) we obtain a system of equations 

where 

From t h e  p r i n c i p l ~  of t he  maximum it follows t h a t  f o r  t h e  inner nomail 

we w i l l  have 

du, - - ds d s ,  ["ds dn , . ,  Id;: 1 Ti TI l-1 

- (5 ds, - 1% ds, , ,  , -I?:?- ds 1 
dn dn 

i.2 i.2 r a 

We know (see [52], page 20) t h a t  with s u f f i c i e n t l y  smooth comtouars 

(surfaces) gradul *0  (i, j = l ,  2 y . . . - m )  . But s ince  ui1 =o (i * 0, then I r j irl 

. . . . . . . . . . . . . . . . . . . .  
I . . . . . . . . . . . . . . . . .  

... ds, -I-!!!- ds, , -I% dn ds 
dn 

grad u, du, ' 
> O  (ipj). 

- ('8 7 i )  

From the  l a t t e r  i nequa l i t i e s  and re la t ionships  

rrn r m r rn 1 

ri 



we find 

which indicates t h e  s i n g u l a r i t y  of t h e  mat r ix  ( r  . However, a f t e r  a r b i -  
i , ~  

I 7 7  - 
trarily s t i p u l a t i n g  one of t h e  cons tan t s  c and e l imina t ing  t h e  corresponding 

i 
equation from System (9 .4 ) ,  i t  is easy t o  s e e  t h a t  t h e  r e s p e c t i v e  mat r ix  R w i l l  

satisfy the fanxil iar  Adamar cond i t ion  r e l a t i v e  t o  nons ingu la r i ty  o f  t h e  mat r i ces  

( the diagonal term i n  any column i s  g r e a t e r  i n  abso lu te  va lue  than  t h e  sum of 

the abso lu te  values  of a l l  t h e  o t h e r  terms [50]) .  Since f o r  t h e  Adamar 

type matrix R t h e  condi t ions  , 0 , 2 , .  , , a r e  a l s o  v a l i d ,  then t h e  

deteminant of t h e  mat r ix  is  p o s i t i v e  ( see  [50],  page 26). 

These argt~ments prove t h e  uniqueness of t h e  s o l u t i o n  t o  Problem (9.1) wi th  

one of the coras,tants ck ( l < k < n z )  a r b i t r a r i l y  s p e c i f i e d .  Le t  us denote t h e  
- 1 elements of t h e  i n v e r s e  mat r ix  R by (a ivi ) .  On t h e  s t r e n g t h  of t h e  nonsing- 

W C I U , , ~ ~  " O < W  ularity i, . From Ostrovskiy 's r e s u l t s  (see  [50] , page 42) 

it follows t h a t  t h e  mat r ix  of System (9.4) w i l l  a l s o  be  nonsingular  f o r  such 

approximate s o l u t i o n s  u t o  Problems (9.3) which s a t i s f y  t h e  cond i t ion  
i 

CL--6llaX \a i , j  I 
where t , l  . Let  us a l s o  n o t e  t h a t  t h e  mat r ix  R depends only on t h e  geo- 

r e t r y  of the  given region and does n o t  depend on t h e  boundary condi t ions .  

"Ilherefsre, for t h e  s p e c i f i c  region we can once and f o r e v e r  compute a. 

Thus, t o  ob ta in  an approximate s o l u t i o n  t o  Problem (9.1) we must 

specify one of t h e  cons tan t s  c t o  approximately s o l v e  Problem (9.3) and use 
i ' 

the system obtained from (9.4) by d i sca rd ing  one equation.  Here t h e  approximate 

solutions of Problems (9.3) must s a t i s f y  t h e  fol lowing condi t ions:  (1) f o r  

any s > O  we ~ ~ 3 x 1  cons t ruc t  an approximate s o l u t i o n  which s a t i s f i e s  t h e  condi t ion:  



&'. (obviously f o r  t h i s  it i s  s u f f i c i e n t  t h a t  t h e  normal d e r i v a t i v e  -- of ehe 
dl.2 

r )  ii 
approximate s o l u t i o n  approximate i n  t h e  s e n s e  of t h e  m e t r i c  L2)l; (2)  

furthermore,  it is  d e s i r a b l e  t h a t  t h e  approximate method f o r  so lv ing  Problems 

(9.3)  be such t h a t ,  a f t e r  ob ta in ing  t h e  s o l u t i o n  t o  one of t h e  Problems i n  (9.31, 

t h e  s o l u t i o n s  t o  t h e  o t h e r  problems w i l l  be obta ined automat ical ly , ,wi thout  

considerable  computation. These requirements a r e  s a t i s f i e d  by t h e  method of 

so lv ing  t h e  boundary value  problems descr ibed above. Let us analyze t he  

following l i n e a r l y  independent system of func t ions  [3] ,  complete i n  L at r: 
2 

where xi a r e  t h e  elements of t h e  denumberable s e t  of p o i n t s  d i s t r i b u t e d  evezr~vhel-e 
rri 

densely on t h e  a u x i l i a r y  contour s = z s i  (Figure  3 ) .  Below we analyze Prob lem 

i=O,  

(9.1) f o r  t h e  two-dimensional case  a l though a l l  t h e  arguments obvj-ously are & 
v a l i d  a l s o  f o r  t h e  case  of t h r e e  dimensions; h e r e  System (9.5) must be replaced 

by t h e  sys  tem ( [ ln r (xi,  y) I-' ) , where x a r e  d i s t r i b u t e d  on a c e r t a i n  s u r f a c e  [6] , i 

Let  us consider  t h e  system ( y(')(y) J ; 

where A .  a r e  t h e  c o e f f i c i e n t s  of or thonormal izat ion of System (9..5) 
J ,i 

Using f o r  u t h e  Green formula a t  t h e  p o i n t s  x we f i n d  
mi-1 i' 



Figure 3 

where 

After mul t ip ly ing  t h e  f i r s t  i i n  Equation (9.6) by A (j = 1 9 2 , .  . . , i )  and 
j ,i 

combining, we f i n d  
,. 

where are t h e  Four ie r  c o e f f i c i e n t s  of t h e  unknown f u n c t i o n  Y r n + l ( ~ )  . 
,bsuming t h a t  ~ n x + i  (Y) cL2 and tak ing  i n t o  account t h e  completeness of t h e  

sys tern tp(l) (y) J , w e  w i l l  have 

Let us note t h a t  t h e  approximate values  of t h e  right-hand s i d e s  o f  System 

(9,eB) have been found (even before  Problem (9 .3)  was solved f o r  

Let us analyze (m) c l a s s e s  Wi ( i  = 1,2 , .  . . ,m) of numbers according t o  

absolute va.lue (m). W e  s h a l l  assume t h a t  t h e  p o i n t s  x a r e  d i s t r i b u t e d  
i 

such tha t  i f  k6Wi  , then xRtsi . 
L e t  us use t h e  Green formula. f o r  u ( i  = 1,2, .  . . , m) a t  t h e  p o i n t s  

i 5: 



I In r ( x ,  Y )  Ql (Y) dsv = 2~ when k E wl. 
r 
Jln  XI, y ) h Q ~ s V - O  whenk€Wj U i r ) ,  
r 

where 

For t h e  coef f ic ien ts  of t h e  generalized Fourier s e r i e s  of t h e  funct%on 

(IJ) we obtain 

where r is the  grea tes t  whole number which s a t i s f i e s  the  condition rm-t- ick . 

'Expressions (9.7) and (9.8) make it possible  t o  obtain the  right-hand 

s ides  and coef f ic ien ts  of System (9.4), t he  solut ions ci of which (for  one 

spec i f ied  constant),  a r e  introduced i n t o  t h e  Green fokmula f o r  solving problem 

where 

give values of t h e  so lu t ion  t o  Problem (9.1) a t  t he  a rb i t r a ry  point  x C ~  . 



i n  t h e  two-dimensional case,  a f t e r  computing u(x,y) , it i s  o f t e n  requ i red  

[ 4 4 ] ,  $481 t o  a l s o  compute t h e  imaginary p a r t  v(x,y) of t h e  holomorphic 

funeti.on g ( z )  = u + i v .  For t h i s  we can use t h e  a lgor i thm from Reference [51], 

which assumes computation of t h e  values  v a t  t h e  p o i n t s  a t  t h e  l i m i t  by 

recurrence r e l a t i o n s h i p s  (d i f fe rence  analog of t h e  Cauchy Riemann r e l a t i o n s h i p s )  

and at the i n t e r i o r  p o i n t s  by s o l v i n g  t h e  system of d i f f e r e n c e  equations.  
du 

However,knowledge of t h e  func t ions  u makes i t  p o s s i b l e  t o  compute 

t h e  functions 

dv 
Y 

v  (Y) ' 
! r = vo + I - ds = vo + ~ - 2  ds, 

ds 
b 0 

and then f o r  computation of v ( x )  ~ G G  , t h e  Green Formula (9.9) i s  used. 

0 Approximate So lu t ion  t o  the  Reimann-Hilbert Problem 

The Eemann-Hilbert problem f o r  a mul t ip ly  connected reg ion  i s  

the. following. I n  t h e  region Gi (Figure I ) ,  bounded by t h e  contour 

r=ro-kT~ -1- = .  .+ r, , we seek  t h e  holomorphic func t ion  F ( s )  = u + i v ,  which 

satisfies a t  t h e  contour r of t h e  region Gi t h e  cond i t ion  

Assarmin.g t h a t  &(s) ,  8 Y 6) a r e  continuous Hiilder func t ions  wi th  an a r c  /80 
length S on t h e  boundary r and a2+P2= I , and F (z) is a continuous holomor- 

p h i c  Hiilder f u n c t i o n  i n  t h e  c losed region G(F(z) - Ho [47] ) ,  t h e  s o l u t i o n  t o  

the  formulated problem when 1z-k  l > m  , where n i s  t h e  index  of t h e  

analyzed problem [53] ( t h e  c a s e  n+l<m can 1471 be  reduced t o  t h e  problem when 

n = w), i s  reduced [47] t o  so lv ing  t h e  fol lowing boundary va lue  problems (we 



know [5 33 , t h a t  when n-l- 1 ; m t h e  an?.lyzed problem i s  always solvable ,  and the 

respec t ive  homogeneous problem has  (2n + 1-m) l i n e a r l y  independent s o l u t i o n s ,  

I. W e  seek  Ho - t h e  holomorphic func t ion  g (z )  assuming t h e  following 

condi t ions  a t  t h e  boundary: 

where w(s) is  a known func t ion ,  and C .  a r e  a r b i t r a r y  cons tan t s .  liere we 

s h a l l  assume f o r  g e n e r a l i t y  t h a t  p(p m) of them (numeration of rthe contours  

is done i n  such a manner t h a t  they a r e  t h e  f i r s t  p)  a r e  equa l  t o  zero, This 

problem, a s  noted above, i s  a l s o  encountered 1481 i n  conformal mapping of 

mul t ip ly  connected regions  and i n  computing [ 4 9 ]  t h e  f i e l d  of charged filia- 

ments d i s t r i b u t e d  n e a r  conducting cy l inders .  

11. We seek t h e  func t ion  which i s  harmonic i n  G assuming t h e  following 1 
boundary va lues  : 

d J? where J? (s) and rg (s)= - are known func t ions ,  and 7, a r e  nonzero constants. 
ds 

111. We seek t h e  func t ion  v which is harmonic i n  G .  wi th  the  folLowing 
1 

boundary va lues  : 

* I  =-p(s) ( k = O . l ,  .... p), 
dn r1t 



The general  s o l u t i o n  t o  t h e  Riemann-Hilbert problem wi th  (2n + 1-m) 

arbitralry c o e f f i c i e n t s  ( t h e i r  number may be  equa l  t o  ze ro  f o r  t h e  reg ion  of 

odd connectedness) i s  const ructed [ 4 7 ]  from a s o l u t i o n  t o  t h e s e  boundary va lue  

p r o b l e m ,  To o b t a i n  some p a r t i a l  s o l u t i o n ,  it i s  necessary  t o  have a d d i t i o n a l  

in fo rmat ion  r e l a t i v e  t o  t h e  unknown func t ion  ( see  [53], Chapter 4, 56).  

Let  us analyze Problem I. It was analyzed i n  t h e  previous  s e c t i o n  and 

therefore we s h a l l  no t  touch upon t h e  d e t a i l s  of t h e  c i t e d  algorithm. We 

know [531 t h a t  f o r  uniqueness of Ho - t h e  holomorphic func t ion ,  g(z)  = u + i v ,  

where 

Au=O i n  region G i ,  

11 
=w(s)+G, ( k = t ,  2 ,..., m), 

i t  is necessary and s u f f i c i e n t  t h a t  t h e  cons tan t s  G be  s e l e c t e d  i n  such a way k 
t ha t  

.rC 

or taking i n t o  account t h e  Cauchy-Riemann r e l a t i o n s h i p s  we f i n d  f o r  determinat ion 

of Gk the following condi t ions  : 

I$ ds=O (k=O, 1, .,. , m). 

Equation (10.2) when k = 0 is a simple c o r o l l a r y  of t h e  harmonicity 

of a and E:quat ion  (10.2) when k 1.2,. . . ,m. 

In the preceding s e c t i o n  f o r  so lv ing  problem (10.1) - (10.2)- w e  

solved m boundary value  Problems (9.3). I n  t h e  p resen t  s e c t i o n  we g ive  

f e m u l a s  f o r  so lv ing  Problem (10.1) - (10.2), which do n o t  r e q u i r e  

preliminary s q u t i o n  t o  a l l  problems i n  (9.3). 



For s o l u t i o n  t o  Problem (10.1) - (10.2) t h e  methods developed above are 

w e l l  s u i t e d  because i n  t h e  course  of so lv ing  t h e  problems by t h e s e  methods 
du 

t h e  func t ion  - i s  computed automat ical ly .  dn 

Using t h e  Green formula f o r  s o l v i n g  Problem (10.1), we f i n d  (below w e  w i l l  

u se  t h e  n o t a t i o n s  i n  Reference [3]) 

where 

d 
[W (s)+Ck] - In r (x, y) ds,- 

dn, 

Taking i n t o  account t h e  n o t a t i o n  

d 
W(s) -- I n r ( x ,  y) d s , = F ( ~ , ,  

dn, 

and t h e  equat ion 

d .I --, i n r ~  y)dsy= 

i! 
2x f o r  x € G k  
0 f o r  X$G,--G,,, 

i-.r 

eoa 



Equation (10.4) takes t h e  form 

L e t  us: analyze t h e  system {(p, (y) ) [3],  obtained by orthonormalization of 

the linearly independent and complete ( I4)  system (Inr (xi, y) 1, where x a r e  
i 

elements of t he  denumerable s e t ,  d i s t r i bu ted  everywhere dense on the  

auxiliary [3]  boundary s = s + s + s +...+ s (Figure 3) 
0 1 2  m 

where A. a r e  t h e  coe f f i c i en t s  of orthonormalization. 
2 ,i 

Let u s  wr i t e  (10.6) f o r  t he  points  x 
i 

where F = P(xi) , C(i) = Cky i f  *iESk . Multiplying the  f i r s t  i i n  the  
i 

equation by A . .  (j = 1,2,. . . , i )  and combining1 them 
J ,i 

L i - i 

~(y) P, (y) ds, = Q~ = A,, F ~ +  zc C(') A,, = Q ~ +  , n C  c(~)A,, 1, (10.8) 
r j = l  j=1 j=1 

where Ql are  FouFier coef f ic ien ts  of t h e  unknown function (P (Y) . 

It is well known t h a t  f o r  an a r b i t r a r y  E there  is an N such t h a t  when N > N , ,  
0 

for kdmt ,  the following inequal i ty  w i l l  be s a t i s f i e d  

'I4' Proof of l i n e a r  independence and completeness of t h i s  system i s  
analogous t o  t h a t  i n  t h e  case of a s ing ly  connected region [3]. 



and a f o r t i o r i  t h e  approximate equat ion 

Therefore,  taking i n t o  account (10.2) and (10.8) we f i n d  t h e  fol lowing system 

f o r  determining t h e  cons tan t s  C 
k: 

where 

Grouping i n  t h e  right-hand s i d e  of t h e  kth equa t ion  (k = 1 2 , .  . m (10.9) 

t h e  terms w i t h  i d e n t i c a l  c o e f f i c i e n t  C ( s  = 1 ,2 ,  ..., m) and denot ing their 
S 

sum by %, s,  we f i n d  t h e  system 

Determining from (10.10) t h e  c o e f f i c i e n t s  Ck (k = 1,2 , .  . . , m) aiad sub- 

s t i t u t i n g  them i n t o  (10.8) we f i n d  t h e  Four ie r  c o e f f i c i e n t s  of t h e  alknokm 

func t ion  9 0  . Ins tead  of (~(9) i n  (10.3) i f  we use  t h e  corresponding 

genera l i zed  Four ie r  series 

we f i n d  t h e  approximate va lue  of u(N) (x) of t h e  unknown s o l u t i o n  t o  problem I 

a t  t h e  a r b i t r a r y  po in t  x i n s i d e  t h e  region G. From t h e  convergence of 

T'"'(Y) t o  P(Y), i n  t h e  s e n s e  of t h e  m e t r i c  L2, t h e r e  d i r e c t l y  fol lows t h e  

uniform convergence of u(N) (x) t o  U(X) . 



S u b s t i t u t i n g  i n t o  (10.6) t h e  i n t e g r a l  of any quadrature  formula and 

ass ign ing  t o  t h e  parameter x d i f f e r e n t  va lues  of t h e  a u x i l i a r y  contour s ,  we 

find the following system: 

N N C a,, , yi= C 4 in r (xi, ~ i ) ~ t = F , + 2 n C ' ~ ,  
i = 1 i = l  

where C = Ck, i f  x,€s, .  L e t  us w r i t e  (10.11) i n  v e c t o r  form 

For tlne analyzed system we can prove t h e  theorems which are analogous t o  

Theorems 5 - 7 i n  Reference [4] ( i n  Reference [4] i n  t h e  formulation of Theorem 

I there is  a m i s p r i n t ;  i n s t e a d  of t h e  asymptotic i n e q u a l i t i e s  h < o ( N - ~ ' ~ ) ,  184 1 - - 
hl 2 O(bTel) 111 5 o(N-') and 1 1 1 % 2 o(&) , r e s p e c t i v e l y ) .  Thus, f o r  

exmple, i n  complete analogy wi th  t h e  arguments c i t e d  i n  [3] w e  can prove t h a t  

f o r  any N t h e r e  a r e  N va lues  x of t h e  parameter x such t h a t  System (10.12) 
k 

will be so lvab le ,  and t h e  s o l u t i o n  may b e  found by t h e  method of success ive  

approximations, beginning from t h e  a r i b t r a r y  v e c t o r  )(O). I n  t h i s  case  t h e  
-1 

norm in the sense  of t h e  space mN of t h e  i n v e r s e  opera to r  A can b e  made a s  

near t o  1 a s  des i red.  From (10.12) we o b t a i n  

Replacing t h e  i n t e g r a l  i n  (10.2) by t h e  quadrature  formula and us ing (10.13) 

we find a system of m equat ions  f o r  determining t h e  c o e f f i c i e n t s  C ( k  = 1, 2 ,  k 
..., ra), The values  obta ined f o r  Ck are s u b s t i t u t e d  i n t o  (10.13) and t h e  

vector + i s  determined, thus  making i t  p o s s i b l e  t o  compute t h e  s o l u t i o n  t o  t h e  

problem from Equation (10.3) by f i r s t  r ep lac ing  t h e  i n t e g r a l s  i n  i f  wi th  

quadrature sums. 



For computation of t h e  func t ion  v,  we can use t h e  a lgor i thm from 

Reference [51], which assumes computation of t h e  values  v i n  t h e  po in t s  a t  

t h e  l i m i t  by recurrence r e l a t i o n s h i p s  (d i f fe rence  analog of t h e  Cauchy- 

Riemann r e l a t i o n s h i p s ) ,  and i n  t h e  i n t e r i o r  po in t s  by s o l u t i o n  of the system 

I i 
of d i f f e r e n c e  equat ions .  However, knowledge o f t h e  func t ions  and --I dn ; r  
makes i t  p o s s i b l e  f o r  computation of v t o  use  t h e  Green formula 

where 

As f a r  a s  Problems I1 and I11 are concerned, f o r  t h e i r  s o l u t i o n  w e  

can use t h e  m t h o d  of f i n i t e  d i f f e r e n c e s  as descr ibed i n  [47] (I5' or use 

t h e  methods i n  References [ I ,  31. For t h e  l a t t e r  case  we w i l l  g ive  the famubas 

wi thout  d i scuss ing  convergence of t h e  r e s p e c t i v e  computational algorithms, 

Let us analyze Problem 11. From its boundary va lues  we determine 

( I5)  However, we must n o t e  t h a t  t h e  accuracy of t h e  formulas i n  Reference 
( [47] f o r  t h e  p o i n t s  of t h e  contours rk.  ( k = l ,  2, ::- , my i n  t h e  case, of 

Problem 11, and f o r  t h e  p o i n t s  of t h e  boundary I" i n  t h e  case  of Problem 
111, i s  by a whole o rder  of magnitude i n f e r i o r  t o  t h e  formulas i n  Reference 
[54]. Proofs  of t h e  convergence of t h i s  net -point  method f o r  Problmnls II 
and I11 i n  [47] a r e  no t  v igorous ,  and t h e  f i n a l  computations a r e  rather rough 
(compare w i t h  t h e  computations i n  Reference [55]).  



Using the Green formulas f o r  Problem I1 and (10.14), we f i n d  

where du 
( i=O, 1 ,  .., , p),  

- 
$ (s) = u ' ( k = p +  1, ... , m). 

Irk 

L e t  us analyze t h e  express ion 

Applying to i t  t h e  formula of i n t e g r a t i o n  by p a r t s  and t a k i n g  i n t o  account 

the periodicity of t h e  func t ion  I n  r (x ,y)  f o r  v a r i a b l e  y ,  we o b t a i n  



Taking t h i s  l a t t e r  equation i n t o  account, (10.15) and (10.16) take th.e form 

where 

is a known function. 

From the  boundary conditions of Problem I11 we determine 

Applying the  Green formula and (10.19) t o  so lu t ion  of Problem 111, w e  obtain 



where 

In r (x, 9) dsu+ -- 

Using "re formula of i n t e g r a t i o n  by p a r t s ,  Expressions (10.20) and (10.21) 

assume the f s l lowing form: 

1 d - - - -- 111r(x, g) 
Yk dsv 

Formulas (10.17) -(10.18) and (10.22) - (10.23) make i t  p o s s i b l e  t o  use  

the mthods  descr ibed above f o r  so lv ing  Problems I1 and 111. 

L e t  us i n d i c a t e  s t i l l  one o ther  method f o r  s o l v i n g  t h e  modified D i r i c h l e t  

problem, 

Let l cpi(x)\ Ix(x,, &)I be  an orthonormalized system of func t ions  harmonic i n  

Gi Furthermore, we s h a l l  assume t h a t  t h e  system { cpi ( x )  J i s  complete on r i n  



t h e  s e n s e  of t h e  m e t r i c  L,(T), i .e. ,  f o r  any func t ion  y (y) EL, (r) ('€ IT") 

and f o r  any €> 0,  we f i n d  N of t h e  c o e f f i c i e n t s  b \such t h a t  ehe IEoILowing 
i 

i n e q u a l i t y  w i l l  b e  s a t i s f i e d  

Let us look a t  t h e  boundary va lue  problem (Figure 1 )  

With t h e  a i d  of t h e  Schwarz i n e q u a l i t y  (arid i n  t h e  case  of comp1et:eness i n  the 

sense  of t h e  m e t r i c  C us ing  t h e  p r i n c i p l e  of t h e  maximum) it i s  easy t o  show 

t h a t  i n  any i n t e r i o r  p o i n t  of t h e  region 6 .  and uniformly i n  any region 
1 

completely l y i n g  i n  t h e  open reg ion  G , t h e  d i f f e r e n c e  
i 

can be  made as small a s  des i red .  This  method f o r  so lv ing  t h e  boundary value 

problems ( t h e  P icone t  method 161) may b e  q u i t e  e f f e c t i v e  wi th  proper se%ec t ioa  

of t h e  system{g,(X))) .  

Le t  us look at  t h e  following problems: 

Au,=O i n  C;, 



L e t  t he  approximate so lu t ions  t o  these problems be represented i n  t he  

f o m  of the following se r i e s :  

L e t  us introduce the following notat ions 

TO de texdne  the coe f f i c i en t s  c .  ( i  = 1,. . . ,m) of Problem (10.1) - (10.2) , we 
1 

obtain the following system: 

Determining c from t h i s  l a t t e r  system, t h e  approximate so lu t ion  u t o  Problem i 
(10.1) - (10.2) takes Ehe following form: 

where e ;= 0. 0 

Usually 161 i n  t h e  case of a s ing ly  connected region, a s  such a system 

we take t he  system { p i  ( x ) )  of harmonic polynomials; we know tha t  they a r e  

complete i n  Le(r)  , where I? is a contour bounding a s ing ly  connected region 

(if this rlegion has a s t a b l e  so lu t ion  of the  Dir ich le t  problem with respect  

to deformation of the  region, then the  system of harmonic polynomials i s  

complete oa r i n  the sense of the  metr ic  C). 



It is c l e a r  then i n  t h e  case  of a mul t ip ly  connected reg ion  t h e  system 

( p l ( x ) J  can be  complete n e i t h e r  i n  t h e  s e n s e  of t h e  m e t r i c  C nor  i n  the  sense of 

t h e  m e t r i c  L2. 

For any continuous func t ion  Y (Y) l e t  

From t h e  p r i n c i p l e  of t h e  maximum it  d i r e c t l y  follows t h a t  i f  f o r  the fmctisw 

Q t h e  fol lowing i n e q u a l i t y  i s  s a t i s f i e d  

then such a func t ion  cannot be  approximated s u f f i c i e n t l y  w e l l  by harmonic 

polynomials. However, t h i s  l a t t e r  inequal ' i ty  may no t  be s a t i s f i e d  f a r  the 

func t ion  y (y) e i t h e r ,  and cannot be approximated by harmonic polynornals , 

I n  f a c t  let  us t a k e  two func t ions  Y1 (Y) and Y2 (Y)$ f o r  which t h e  :EoPlowiwl; /89 
P 

equat ions  are s a t i s f i e d :  

On t h e  s t r e n g t h  of our assumption f o r  any E > 0 we f i n d  coeff ic j -ents  

b(:) and b ( i )  such t h a t  



From t h e  p r inc ip l e  of t he  maximum and the  f i r s t  of the  equations i n  (10.24), 

w e  f i n d  that a t  any point of t he  region G bounded by t h e  contour fo, t he  f o l l -  

owing inequal i ty  is va l id  

and therefore, 

which cont rad ic t s  the  second equation i n  (10.24). 

"ke system ( p i ( % ) ]  may not: be complete i n  the sense of L ( r )  e i t he r .  Let 2 
us look a t  the problem 

Au=O on G', 

and the function y ( y ) ,  which s a t i s f i e s  t he  conditions 

where U (y) = u (xk )  and a t  l e a s t  one of the  constants C is no t  zero. k 



From the  respresentat ion of the  so lu t ion  t o  the  Dir ich le t  problem far 

t he  region G with t h e  a i d  of the Green function and from the  Schwarz 

i n e q u a l i t y , i t  becomes c l e a r  t h a t  i t  i s  impossible t o  approximate the function 

~ ( y )  s u f f i c i e n t l y  we l l  i n  the  sense of the  metr ic  L by harmonic p o l y n o d a l s ,  
2 

From these arguments it follows t h a t  the  functions from the  complete (either i n  

t he  sense of the  metr ic  L a m ,  o r  t h e  sense of the  metric C(Q) sys t en~  can- 

not a l l  be harmonic simultaneously a t  a l l  points  of t he  region G P ,  

A s  f a r  as  the  author knows, t he  only system of harmonic functions complete /90 
i n  the sense of the  metr ic  L (r)  is  given i n  Reference [ 3 ] .  

2 

where the  points  xi a r e  d i s t r i bu ted  everywhere densely on s = so 4- sl -+ . . . + 
s (Figure 3) .  m 

We must a l so  mention t h a t  t h i s  system grea t ly  f a c i l i t a t e s  computation of 

the  coef f ic ien ts  e (k = 1,22 . . . , 
k, i m; ,i .-= 0,1,. . . , m) of t he  system from 

which ci ( i  = 1,2, . . . , m) a r e  det'ermined. 

In  f a c t  i t  is  easy t o  s e e  t h a t  

where 

Analogously t h e  computations of the  coef f ic ien ts  a r e  s impl i f ied  i f  

ins tead  of System (10.25) we analyze the  corre'sponding orthonormalized system, 



In concLusion l e t  us  prove t h e  s o l v a b i l i t y  of System (10.10) and (10.3 ) . 
2 

It i s  easy t o  s e e  t h a t  4,s and Bk ( k , s  = 1, 2,  . . . , m) i n  (10.10), when 

N -+ approach t h e  express ions  

respectively, where u a r e  determined i n  (10.231). 
S 

The c o e f f i c i e n t s  e and e i n  (10.3 ) approach t h e s e  same express ions  
k , i  kyO 2 

under the condi t ion  

so tha t  t he  l i m i t i n g  form of Systems (10.10) and (10.232) coincides .  There- 

fore, further discuss ions  on t h e  s o l v a b i l i t y  of t h e s e  systems a r e  completely 

analogous t o  those  given on pages 98 and 100. W e  s h a l l  omit t h e s e  and r e f e r  

the reader to those  pages. 

511. Solu t ion  t o  t h e  Ex te rna l  D i r i c h l e t  Problem f o r  t h e  Laplace 

Equation Using t h e  Method of Funct ional  Equations.  

The program i s  intended f o r  ob ta in ing  a harmonic func t ion  o u t s i d e  t h e  

ellipse 

s : yl=cosa, yz=bsinx 

under the boundary cond i t ion  'IS=f (IJ), yCs. 

The program c o n s i s t s  of f o u r  p a r t s :  



1. An o p e r a t i o n a l  program f o r  t r a n s f e r r i n g  from t h e  t h i r d  and f o u r t h  

p a r t s  from t h e  main memory t o  t h e  drum, and a l s o  f o r  t r a n s f e r r i n g  the i n i t i a l  

d a t a  t o  t h e  main memory and f o r  t r a n s f e r r i n g  t h e  t h i r d  and f o u r t h  p a r t s  from 

t h e  drum t o  t h e  main memory. 

11. A program which conver ts  t h e  a r r a y  of coord ina te  p o i n t s  o u t s i d e  the  

e l l i p s e  from t h e  decimal n o t a t i o n  system i n t o  a b inary  one and t r , ans fe r s  them 

t o  t h e  drum. 

111. A program which computes t h e  axes of t h e  a u x i l i a r y  bou~ndary s as 1 
w e l l  as t h e  coordinates  of t h e  p o i n t s  on t h i s  boundary and p r i n t s  o u t  these  

coordinates .  It a l s o  computes t h e  s c a l a r  products  (uk, wi), and t h e  coeffi- 

c i e n t s  of or thonormal izat ion , i t  computes t h e  orthonormalized functions 

and v e r i f i e s  t h e  or thonormal izat ion.  

I V .  A program f o r  computing t h e  va lues  of t h e  harmonic funcitisn a t  given 

p o i n t s  o u t s i d e  t h e  e l l i p s e .  The program p r i n t s  o u t  t h e  coordinates  of tbese  

p o i n t s  and t h e  s o l u t i o n s  corresponding t o  them. 

Computational Procedure 

The computational process  c o n s i s t s  of t h e  fol lowing s t a g e s  : 

1. Computation of t h e  coordinates  of t h e  a u x i l i a r y  p o i n t s  and scalar 

products .  

2 .  Computation of t h e  c o e f f i c i e n t s  of or thonormal izat ion.  

3 .  Computation of t h e  orthonormalized func t ions  and proof of orthonor- 

mal izat ion.  

4. Computation of t h e  Four ie r  c o e f f i c i e n t s  and t h e  normal d e r i v a t i v e  

of t h e  unknown func t ion .  

5. Computation of t h e  va lues  f o r  s o l u t i o n  t o  t h e  problem. 



1 Coquta t ion  of t h e  Coordinates of the  Auxiliary Points  and Scalar  

Products. 

The auxi l ia ry  points  a r e  taken on the  confocal e l l i p s e  with semiaxes 
6 a="---..- 
b 

andI6=h--(0-6) , where (b-i) is given i n  the i n i t i a l  da t a  ( c e l l  0622). 

The coordinates of t h e  aux i l i a ry  points  a r e  computed from t h e  formula 

a), (k = 1,  2,  . , . , 24) assume the  values given i n  Table 7. 

The s c a l a r  products 

2s 

(cos  XI^))^+ (6 sin a - ~ i ~ ) ) ~  

are computed by Simpsdn' s method. 

2 ,  Comgbutation of the  Coeff icients  of Orthonormalization. 

The coef f ic ien ts  of orthononnalization %,i a r e  computed from the  

following formulas: 



k-j 2a 

ah,  k - j = -  wkoi  d a  ( k = 2 , 3 ,  ... , 24; j = k -  I ,  k - 2 ,  ... , I) ,  62,4) 
0 

k - j  
-r B,, ,- %. "-'Ah--,, j ,  ( k = 2 ,  3 ,  ... , 24; j = k - I ,  k - 2 .  ... , 1,. 

i= 1 

3. Computation of t he  Orthonormalized Functions and Checking of Ortho- 

normalization. 

The value of the orthonormalized functions i s  computed a t  the points 
X aj=(j--  I )  -. b y  t h e  formula 

125 

The correctness  of t h e  orthonormalization is  checked by the f o m n l s  

2 n ( a j )  .pi (uJ < lo-. when k+i. ( ~ k 7  (Pi) = -- 
125 

j= 1 

4 .  Computation of t he  Fourier Coeff icients  and the  Normal Derrhvatia~e of - /93 

t he  Unknown Function. 



The Fourier coe f f i c i en t s  of the  unknown funct ion (P ( ~ j  a r e  computed by the  

where 

2% 
0-(6 cos a xik)+sin a X(zk)) -- du, (k= I ,  2 ,..., 24) (4.2) 

F k 3  f (a) (COS C G - X ~ ~ ) ) ~ - +  (6 sin a-x$*))' b 

l j r  
a r e  the  coef f ic ien ts  of orthonormalization. 

The normal der iva t ive  of t h e  unknown function is  computed a t  t h e  
it poin ts  ai= ( j -  1) - by the  formula 

125 

5, Computation of t he  Values f o r  Solution t o  the  Problem. 

The value f o r  t h e  so lu t ion  t o  the  problem a t  points  outs ide t h e  

ellipse I s  sought wi th  the  formula 



FLOW DIAGRAM 

Overa l l  Flow Diagram 

A Operating program. 

B Standard subprogram block. 

C Computation of coord ina tes  of p o i n t s  o u t s i d e  e l l i p s e .  

D Computation of coordinates  of a u x i l i a r y  p o i n t s  and s c a l a r  products. 

E Computation of c o e f f i c i e n t s  of or thonormal izat ion.  

F Computation of orthonormalized func t ions  and proof of ortholzormalizratic?~% 

G Computation of Four ier  c o e f f i c i e n t s  and t h e  normal d e r i v a t i v e  of t h e  
unknown funct ion.  

H Computation of t h e  va lue  f o r  s o l u t i o n  t o  t h e  problem. 

Block A 

Read i n  fundamental program. 

Trans fe r  t h i r d  and f o u r t h  p a r t s  of program t o  drum. 

Read i n  inpu t  card  f o r  i n i t i a l  da ta .  

Read i n  i n i t i a l  da ta .  

Refer t o  B 1. 

Refer t o  C. 

T rans fe r  t h i r d  p a r t  of program t o  main memory from drum and access D. 

Transfe r  f o u r t h  p a r t  of program t o  main memory from drum and access G. 

Block B 

B 1 Block t r a n s f e r  a r r a y  "10 -t 2". 

B 2 Compute s i n  x and cos  x. 

B 3 Compute l o g  x. 



B 4 Block t r a n s f e r  "2 + 10". 

B 5 Coapute s p e c i f i e d  i n t e g r a l  by Simpson's method w i t h  automatic c a l l i n g  
sequence (Authors L. S .  Tsyganova, I. L. Klimkina). 

B 6 Square root  e x t r a c t i o n .  

Block C 

C 1 Transfer i n i t i a l  d a t a  t o  s t andard  c e l l s .  

C 2 'Transfer programs f o r  computing boundary func t ion  £ (a )  onto drum from 
main memory. 

C 3 Check the number of coordinates  i n  t h e  memory of t h e  machine a t  t h e  same 
time, 

C 4 Check hew many p o i n t s  a r e  given o u t s i d e  e l l i p s e .  

C 5 S e t  up shaping cons tan t s .  

C 6 Shape commands f o r  inpu t  of numerical  d a t a  from reader  t o  main memory. 

C 7 Read in numerical da ta .  

C 8 Shape commands f o r  block t r a n s f e r  "10 + 2". 

C 9 Refer t o  B 1. 

C 10 Shape commands f o r  t r a n s f e r  t o  drum. 

C II Transfer numerical  d a t a  t o  drum. 

C 1 2  Check i f  a l l  numerical  d a t a  have been fed  i n t o  machine; i f  yes  go t o  
A 7 ,  i f  no go t o  C 13. 

C 13 Readdress shaping cons tan t s  and go t o  C 6 .  

Compute a and g. 
Clear counter  f o r  k. 

Compute coordinates  of a u x i l i a r y  p o i n t s  from Formula (1.1).  

Refer t o  B 4. 

Print o u t  x ( ~ )  and x (k) 
1 2 .  

Readdress v a r i a b l e  commands. 

Check i f  coordinates  of a l l  a u x i l i a r y  p o i n t s  have been computed; i f  yes  
go t o  D 8, i f  no go t o  D 3.  

S e t  up v a r i a b l e  commands f o r  computation from Formula (1 .2) .  



D 9 Refer to B 5. 

D 10 Transfer (w w .) to storage. k' 1 

D 11 Readdress variable commands. 

D 12 Check if all (wk, ui) have been computed; if yes go to E; if no go to D SB., 

Block E 

E 1 Transfer (wlwl) to cell 0001. 

E 2 Refer to B 6. 
I 

E 3 Compute A = 
1.1 {(G)* 

E 4 Transfer constants (00 0002 0000 0000) into counter for k. 

E 5 Retrieve variable commands and set up constants for shaping. 

E 6 Clear counter for j . 
E 7 Shape commands for computing products %-jyi (wkui). 

E 8 Compute products A k-j ,i (wkwi> . 
E 9 Compute Formula (2.4) . 
E 10 Check if all terms in Formula (2.4) have been computed; if yes go to E 11; 

if no go to E 14. 

E 11 Transfer values ak, k-j to storage. 

E 12 Readdress variable commands and constants. 

E 13 Check if all uk, k-j have been computed; if yes go to E 15; if no go to 
E 5. 

E 14 Set up shaper constants for computing the next term and go to E 7 ,  

E 15 Set up constants for shaping. 

E 16 Clear counter for j. 

E 17 Shape commands for computing the product a k,k-i A k-i,j0 

E 18 Compute product ak,k - i%-i 
,j ' 

E 19 Cornlute Formula (2.5) . 
E 20 Check if all terms Bk have been computed; if yes go to E 21; if no go 

to E 24. , j 
E 21 Transfer values Bk to storage. , j 
E 22 Readdress variable commands and constants. 



E 23 Check if all Bk have been computed; if yes go to E 25, is no go to 
E 1 7 ,  ,j 

E 24 Set up shaping constants for computing the next item and go to E 17. - 196 

E 25 Set up constants for shaping. 

E 26 Shape commands for computing the formula 

2r 

E 27 Compute product Bt, r oi-, d .  
b 

E 28 Compute Formula (6). 

E 29 Cheek if all terms in Formula (6) have been computed; if yes go to E 31; 
if no go to E 30. 

E 30 Readdress variable commands for computing next term and go to E 27. 

E 31 Shape commands for computing the formula 

. : 2n. 

E 32 Compute product Bk, k - ,  Bk,.l wi da. f :  .b 

E 33 Compute Formula (7). 

E 34 Check if all terms in Formula (7) have been computed; if yes go to E 36; 
if no go to E 35. 

E 35 Readdress variable commands for computing next term and go to E 32. 

F! 36 Compute radicand. 

E 37 Refer to B 6. 

E 38 Shape commands for computing Formula (2.1). 

E 39 Compute Formula (2.1). 

E 40 Set up constants for shaping. 



E 41 Shape commands for computing Formula (2.2). 

E 42 Transfer constants (00 0001 0000 0000) to i-counter. 

E 43 Compute nondiagonal coefficient of given row using Formula (2.2). 

E 44 Check if all nondiagonal coefficients of given row have been computed; if 
yes go to E 46; if no go to E 45. 

E 45 Readdress commands for computing next nondiagonal coefficient and go to 
E 43. 

E 46 Check if all coefficients %,i have been computed; if yes go to F; if not 
go to E 5. 

F 1 Retrieve variable coprmands. 

F 2 Clear counter for k. 

F 3 Compute Formula (3.1). 

F 4 Check if cpk have been computed for all values a . if yes go to F 5, if o 
no go to F 3. j ' 

F 5 Transfer computed rg (a.) to drum. 
k J 

F 6 Readdress variable commands. 

F 7 Check if all cpk have been computed; if yes go to F 8; if no go to F 3 ,  

F 8 Retrieve variable commands and set up constants. 

F 9 Copy values (p (a ) from drum. 
k j 

F 10 Compute the formula 

F 11 Check k = i; if yes go to F 17; if no go to F 12. 

F 12 Check Condition (3.3); if it is satisfied go to B 21; if not go to F 13, 

F 13 Transfer value C to cell 0001. 

F 14 Refer to B 4. 

F 15 Print out C. 

F 16 Refer to F 21. 



F 1 7  Check Condition (3.2);  i f  s a t i s f i e d  go t o  B 21; i f  n o t  go t o  F 18. 

F 18 Traasfer value 1 - C t o  c e l l  0001. 

F 19 Refer to B 4.  

P 20 Print out  1 - C. 

F 21 Readdress v a r i a b l e  commands and constants .  

F 22 Check i f  Condit ions (3.2) and (3.3) have been v e r i f i e d  f o r  a l l  yk; i f  
yes go t o  A 8, i f  no go t o  F 9. 

Block G 

G 1 Transfer programs f o r  computing boundary func t ion  £(a)  from drum t o  main 
memory. 

G 2 Clear counter f o r  k. 

G 3 Transfer coordinates  of a u x i l i a r y  p o i n t s  x ( ~ )  and xik)  t o  working c e l l s .  1 
G 4 R e f e r  t o  B 5 .  

G 5 Readdress v a r i a b l e  commands. 

G 5 Check if a l l  F have been computed; i f  yes  go t o  G 7 ;  i f  no go t o  G 3.  
k 

G 7 S e t  up v a r i a b l e  commands and shaping cons tan t s .  

G 8 Clear counter  f o r  i. 

G 9 Shape conmands f o r  computing product A F k , i  k'  
E 10 Compute product Ak,iFk. 

G 11 Compute Formula (4.1).  

G 12 Check if a l l  terms of Formula (4.1) have been computed; i f  yes  go t o  
G 13; i f  no go t o  G 10.  

G 13 Transfer va lues  t o  s to rage .  
i 

G 14 Readdress v a r i a b l e  commands and cons tan t s .  

G 15 Cheek if a l l  mi have been computed; i f  yes  go t o  G 16; i f  no go t o  G 9. 

G 16 Retrieve v a r i a b l e  commands and s e t  up cons tan t s  f o r  shaping.  

G 17 Clear counter f o r  i. 

G 18 Transfer value @ . ( a . )  from drum t o  main memory. 
1 J 

h; 19 Shape commands f o r  computing Formula (4.3) . 

G 21 Readdress v a r i a b l e  commands. 



G 22 Check if values of normal derivative of unknown function p(a) for all 
have been computed; if yes go to G 23; if no go to G 18. 

J 

G 23 Check if necessary to print out; if yes go to G 24 ;  if no go to H. 

G 24 Refer, to , B  4. 

G 25 Print out cp (a.1 
J 

Block H 

H 1 Set up shaping constants 

H 2 Transfer coordinates of points outside ellipse from drum to main memory. 

H 3 Retrieve variable commands and constants. 

H 4 Compute Formula (5.1). 

H 5 Refer to B 4. 

H 6 Print out 5 ,  n and u(S, n). 
H 7 Readdress variable commands. 

H 8 Check if computation of Formula (5.1) for all transferred points is finish- 
ed; if yes go to H 9; if no go to H 4 .  

H 9 Check if all points are transferred from drum; if yes to go to H 11, if no 
go to H 10. 

H 10 Readdress shaping constants and go to H 2 ;  

H 11 Stop. 

INSTRUCTION 

1. Set Up of Initial Data 

The initial data for the program consist of two parts: 

1. Initial data in'which programs are included for computing the 

boundary function and certain initial data. 

The program for computing the boundary fun'ction £(a) must begin with - 199 

cell 0626. The argument cx is taken from cell 0001, and the result mmust be 



transferred to cell 0001. In the operation of the program for the boundary 

function in cells 0017 and 0020, we will find cos a and b sin a, respectively. 

They may be used for computing the boundary function. In certain instances 

this greatly reduces the commands in the program for computing the boundary 

function, 

The program for computing the boundary function certainly must end with 

the cornand 34 - - 0555, i.e., after its operation it must transfer control 
to cell 0555. In setting up the program for computing the boundary function, 

as the working cells we can use 0.013-0016, 0021-0033 and 0616-0625. 

The following initial data are transferred to cells 0622-0625: 

0622-('b-b) is the difference between the minor semiaxes of the funda- 

mental S and the auxiliary S ellipses in the decimal notation 1 
system. 

0623-b is the minor semiaxis of the basic ellipse, in the decimal 

notation system. 

0623-W is the length of the program for computing the boundary function 

f (a) in the third address in the octal notation system. N<600(,,). 

0625 is the cell with conditional data. Depending on which of the 

ewo numbers 0000, 0010 is found in the first address, the program 

will transfer the following numbers: 0010 - 250 values are printed 
out for the normal derivative oi the unknown function at the points 

n aj= ( j -  I )  - 125 ' 0000 - no values are printed out for the normal 
derivative of the unknown function. 

In the second address N is registered - the number of points 
1 

at which we are required to find a solution in the octal system 

of notation N1 <3777(,), and in the third address - 0000. 

2, Numerical data (coordinates (Si, n.) 1 of the points outside the 



ellipse) must follow directly after the program for computing the boundary 

function. Thus, in cell 0626 + N we must find the abscissa El of point 
Q1. In cell 0627 + N - the ordinate of this point. In the cell 8630 4h N - 1 
the abscissa E 2  of point Q2, etc. 

For input of the initial data we must make the following "input card": 

where n is the length of the initial data. 

2. Operation of Console 

The entire punchcard deck is assembled in the following order:: 

1. Operation code. 

2. Blank card. 

3. Initial data input card. 

4. Blank card. 

5. Initial data. 

6. Blank card. 

7. Numerical data. 



TABLE OF CONTROL STOPS 

33 - 0004 
I access. 

i 
I 

Action  to^' Contents of 
I instruct ion 
I 

33 0001 - - 
3 3 -  GOO1 - 
33 - OQ02 - 

1 epeat read in. 
Reason for stop 

Incorrect program 
input. 

ith key start repeat 
access to drum. 

33 - 0003 - \Incorrect drum 

i 
Incorrect conversion of blear problem and enter 
numbers from decimal to again. 
binary system. 1 1 

1 Argument for which logar- 1 

ithm is sought is negative. 

1 Radicand negative. /carry out command 34 - - 

Difference 1- (Q vi) whed Continue computation with 
k, 

k = i greater than 10 

- 

Product ( Q ~ ,  Ti) when k # 
- 4 i is greater than 10 . 

I End of computation. 

0570 from console. 
Continue computation with 
key start. 

If the stops given above are repeated several times, then the problem 

must be cleared and the machine checked. 

It may happen that with the machine in good working order there occurs 

the stop 0365 (33 - 0010 -). In this case the difference (b-b) must be 

decreased, 



If the machine is in good working order and if the stops 1104 (33 - -- /EOk 

0001) and 1114 (33 - - 0002) are repeated several times, then it is necessary - 
to decrease the difference (b - b). 

Interpretation of the Final Results of 
Machine Print Out 

The program prints out the coordinates of the auxiliary points in the 

sequence : 

In checking the orthonormalization it may happen that Conditions (3.2) 

and (3.3) are not satisfied. If Condition (3.2) is not satisfied, then the 

machine prints out the value of the difference 1- ( c p , , ~ , )  and the conditional 

digit (00 000 001) and if Condition (3.3) is not satisfied then only the 

value ( yk ,  yI)  is printed. 

If it is required to print out the values of the normal unknown func- 

tion (p(a), , then the program prints out 250 values at the points 
5C 

a = ( -  I )  - (j = 1, 2, . . . , 250) in the sequence: 
125 

The program prints out the coordinates of the points at which solution 

to the boundary value problem and the solutions corresponding to it are 

found 

Numerical Examples 

Numerical Example 1. Let us look at the solution to the Dirichlet 



problem for the ellipse 

S : y, = cos a, y2 = 0,80 sin a, 

under the boundary condition 

The auxiliary points x ( ~ )  E Bi were taken on the confocal ellipse 

3,: xik)= 0,75 cos a,, xik) = 0,60 sin a, (k = 1, 2, , . . , 24). 

Such values for the semiaxes of the auxiliary ellipse of the program 

are selected in the case when as the initial data in the cell 0622 we find the 

mumber 0,20, 

The coordinates of the auxiliary points 

on the ellipse S1 are given in Table 8. 

In t h i ! ~  case, it was found that the orthonormalization was checked with /I02 
- 4 

an accuracy exceeding 10 , i.e., the diagonal terms within an accuracy 
of were equal to unity and the nondiagonal terms within this same 

accuracy were equal to zero. 

Since as the initial data we were not required to print out the values 

for tne normal derivative of the unknown function cp(aj) (in the first 

address of cell 0625 we have OOOO), the program does not print them out. 

A precise solution to this problem has the form 



and, consequently, it was possible to compare the approximate solution with 

the exact solution and compute the error E. 

Table 9 gives the coordinates of the points outside the ellipse, the 

approximate solutions to them and the deviation of the approximate solution 

from the exact one. 

Numerical Example 2. As another numerical example, let us look at the  

solution to the Dirichlet problem for the ellipse, 

S : y, =cos a,  y2=0,50 sin a, 

under the boundary condition 

The auxiliary points dk) €B, were taken on the conformal ellipse 

S , :  x\k)=0,80cosa,, xik)=0,50sina, (k=i, 2 ,..., 24). 

The coordinates of the auxiliary points are given in Table 10. 

In this case, the orthonormalization was also carried out with an 
-4 accuracy exceeding 10 . 

The exact solution to this problem has the form 

Table 11 gives the coordinates of the points outside the ellipse, 

the approximate solutions corresponding to them and the deviation of the 

approximate solution from the exact one. 



The distribution of points outside the ellipse, at which the values are 

computed for solution to the boundary value problem, for the first numerical 

example is given on Figure 4, and for the second example - on Figure 5. 

TABLE 7 

TABLE 8 

TABLE 9 

N, 1 tat. I YN, I u (EN,. Y N I )  1 E 

1 0.80 
2 0.80 
3 0.80 
4 0.80 
5 0.80 
6 0.80 
7 0.80 
8 0, SO 
9 0.90 

1.0n 
1.29 
I ,40 
1.60 
1.80 
2.00 
2-40 
2.60 
1.10 

0,48780488 
0,3846 1536 
0,30769227 
0,24999996 
0.20618553 
0,17241376 
0.12499997 
0,IOSlGhCF 
c.44554454 

-0, I . I 0-'T 
0 2 . 1 0 ~ ~  
0:3.10 -7 

0,4.13-7 
0.3 10 
0.3. IC-'T 
0 . 3 . 1 0 ~ ~  
0,2.10-7 
0.1.10-7 



TABLE 9 (con't) 

TABLE 10 



TABLE 11 

I N I T I A L  DATA FOR F I R S T  NUMERICAL EXAMPLE / 105 - 

I n i t i a l  da ta  input card. 



INITIAL DATA 
I 

Address Command Comments 

(b-c) is the difference bet. semiaxes S and Si.+ 
Semi-minor axis of basic ellipse S. 

0 ~ 0 0  0050 On,?O N is the length of prog. for comput. boundary f w c ,  
Values of normal derivative of unknown func,  N1 = 

f prag. for computing boundary function. 

0555 End of program for computing boundary func t ion ,  

NUMERICAL INFORMATION 

141 



INITIAL DATA FOR SECOND NUMERICAL EXAMPLE 1106 

Initial data input card. 

0622 0002 0622 

(b-b) is difference bet. semiaxes S and S 
1' 

b is the semi-minor axis of basic ellipse !sS. 
N is length of prog. for computing boundary func. 
Values of norm. derivative of unknown func. N2=53(8) 

Beg. of program for computing boundary function. 

End of prog. for computing boundary function. 



NUMERICAL DATA (con' t) 





EQUATIONS (con ' t ) 

Command 
- 



OPEWICIONAL CODE FOR METHOD OF FUNCTIONAL EQUATIONS (con'tt) 







OPERATIONAL CODE FOR METHOD OF FUNCTIONAL EqUATIONS (con" t) 

149 





OPERATIONAL, CODE FOR METHOD OF FUNCTIONAL EQUATIONS (conPt) 

§ 12. SOLUTION TO THE TWO-DIMENSIONAL EXTERNAL DIRICHLET 
PROBLEM BY THE METHOD OF GENERALIZED FOURIER SERIES 

Computer Program 

The computational process consists of the following steps: 

(1) Computation of uniformly distributed points on auxiliary ellipse; 

(2) Computation of scalar products; 

(3) Computation of coefficients of orthonormalization; 

(4) Construction of orthonormalized systems; 

(5) Checking accuracy of this orthonormalization; 

(6) Computation of Fourier coefficients B . 
i' 

(7) Computation of coefficients C 
i' 

(8) Finding harmonic function outside ellipse s. 

Let us take two confocal ellipses: 

the basic ellipse s: s : x,=acoscp, x2=bsincp and the auxiliary ellipse 

s, : x(:') = acos a,, xii)= i sin a, (1); 



The points M(xr),  x f ) )  are distributed on the auxiliary ellipse uniformly 

with an interval of n/I2/; the values of the arguments a, ( i = 1 , 2 ,  ... , 24) 

are given in Table 7. 

The points M(xi i ) ,  x f ) )  are computed and printed out in the following 

sequence xfb, xc); xp), d2%); ... ; x?), XY) 1. The scalar products 

are computed, as are the coefficients of orthonormalization A by the ik 
fallowing formulas : 

where 



k-i 

After this we construct the orthonormalized system 

-4 and the orthonormalization is checked within an accuracy of 10 

Then we compute the Fourier coefficients 

when i = k, 

(5) 

when i+k. 

where f ( a )  is the boundary condition and JI are the orthonormal.ized func- 
i,j 

tions. 



After this we compute the coefficients 

where A are the coefficients of orthonormalization. 
i,k 

Outside the ellipse we seek the harmonic function u(<, n) in the follow- 

ing nrrnner: 

The prcfgram consists of the following basic parts: 

( 1  Control program; 

(2) A program for processing initial and numerical data; 

( 3 )  First part of fundamental program; 

(4) Second part of fundamental program; 

(5) Finding the harmonic function outside ellipse s. 

The program operates in the following sequence: the entire program is 

fed fnco  the machine. If the read-in is correct, the control program re- 

cards on the zero magnetic drum the first part of the program in cells 

0000 - - 1114, and the second part of the program in cells 1115 - 1331, 
aatomatically reads in the initial data input card, which in turn reads in 



t h e  i n i t i a l  d a t a  i n  b inary  n o t a t i o n ,  conver ts  b and b - b from t h e  decimal 

n o t a t i o n  system i n t o  t h e  b i n a r y ,  and t h e  c o n t r o l  t r ansmi t s  t h e  program for 

process ing t h e  numerical  d a t a  by t h e  command 0011. 

The program f o r  i n t e r p r e t i n g  t h e  i n i t i a l  and numerical  d a t a  t r a n s f e r s  b 

t o  c e l l  0051, and b - g t o  c e l l  0043, and t h e  program f o r  computing the boun- 

dary f u n c t i o n  f  (a) i s  t r a n s f e r r e d  from c e l l  0626 - 0626 + (n  - 1 )  (where n i s  

t h e  l e n g t h  of t h e  program i n  t h e  o c t a l  n o t a t i o n  system) t o  t h e  ze ro  magnetic 

drum is c e l l s  1332 - 1332 + ( n  - 1 ) .  ( I n  compiling t h e  program f o r  f(os1, the 
usable  working c e l l s  must c e r t a i n l y  b e  allowed f o r  i n  t h e  l eng th  of the pro- 

gram.) A f t e r  t h i s  t h e  program f o r  process ing t h e  i n i t i a l  and n m e r i c a l  d a t a  

of t h e  coordinates  of t h e s e  p o i n t s  i s  converted from t h e  decimal natation 

system t o  t h e  b inary  and t r a n s f e r r e d  t o  t h e  ze ro  magnetic drum from the cell 

2462 - 11420 - n*2'1]8 ( i f  such a number of p o i n t s  e x i s t s ) .  

A f t e r  completion of t h e  opera t ion ,  t h e  program f o r  process ing the 

numerical  d a t a  t r ansmi t s  c o n t r o l  t o  t h e  c o n t r o l  program by t h e  comanand 0225, 

a f t e r  which t h e  f i r s t  p a r t  of t h e  b a s i c  program is read out from the drum, 

The f i r s t  p a r t  of t h e  program computes t h e  semiaxes of t h e  a u x i l i a r y  

e l l i p s e  g = b - (b  - 6 )  and a 4 6 / b ,  and computes and p r i n t s  ou t  the auxiliary 

(1) (1) (2) ( 2 ) .  (24) (24) .  The s c a l a r  products p o i n t s  xl , x2 ; xl , x2 , ...; xl 
X2 

S 

S1 

dsl, i = 1, ..., 24; k = 1, 2, ..., i a r e  computed from t h e  s t andard  program, 

We must mention t h a t  only t h e  lef t -hand s i d e  of t h e  matr ix  i s  computed, 



Then the coefficients of orthonormalization A are computed from Formulas i,k 
(31) and ( 3 2 ) .  In computing the coefficients of orthonormalization, there 

m y  be a stop from the command 0343 - if the machine is in good working 
order, this means that a certain coefficient A k,k Or %,k-l is found to be 

negative, and in such case it is recommended to change the dimensions of the 1118 

auxiliary bo~undary s 1' 

Then the orthonormalized system is computed from Formula (4) and the 
-4 orthonormalization is verified within an accuracy of 10 from Formula (5). 

If the orthonormalization is not carried out within the required accuracy, 

then the following is printed out 

and the conditional unit, i.e., the diagonal term, does not reach the re- 

is printed out when i # k, i. e. the nondiagonal term does not reach the 
required accuracy. 

if the number of unprinted diagonal or nondiagonal terms is very high, - 
then the problem must be cleared and the difference b - b reduced. 

After completion of this check, the first part of the program using the 

cornand 1174 transmits control to the control program and the second part 

of the program is read out from the magnetic drum. 

The second part of the program copies the program for computing the 

boundary function £(a) from the magnetic drum, computes the boundary 



2n 
va lues  of ai=(i-- 1) --, i= 1, 2, ... ,250, t h e  Four ier  c o e f f i c i e n t s  Bi 

250 
from Formula ( 6 ) ,  t h e  c o e f f i c i e n t s  Ci from Formula (7) and p r i n t s  o u t t h e  

c o e f f i c i e n t s  C I$ c23 .-- ,  C24* 

A f t e r  t h i s ,  t h e  second program seeks  t h e  harmonic func t ion  u(<, 0) 

according t o  Formula (8) o u t s i d e  t h e  e l l i p s e  s, and p r i n t s  out  these points 

and t h e  s o l u t i o n s  corrdesponding t o  them i n  t h e  fol lowing sequence: l&pylv 

u (t,, ?,I; t&, 11%. U (t8, l)J; ... ; e,,, qn U (en, qn), where n is  t h e  number of these  points, 

Operation of Console 

The e n t i r e  punchcard deck is  assembled i n  t h e  fol lowing order :  

(1) Basic  program inpu t  card;  

(2) Blank punchcard; 

(3)  Basic  program; 

(4) Blank punchcard; 

(5) I n i t i a l  d a t a  inpu t  card;  

(6) Blank punchcard; 

(7) I n i t i a l  da ta ;  

(8) Blank punchcard; 

(9) I n i t i a l  d a t a ;  

(10) Blank punchcard; 

(11) Numerical da ta ;  

(12) Blank punchcard; 

(13) Numerical d a t a ;  



TABLE OF CONTROL STOPS 1119 - 
Contents of 
instruction 

1 storage 
I 

Reason for stop 

I 

I 33 00P7 - - Incorrect program read-in. 
33 0002 - - Incorrect input of numerical data. 
33 0003 - - 
33 0904 - - 
33 0005 - - Incorrect access to zero magne- 

tic drum. 
33 0006 - - 
33 0002 - - 
330010- - 
33 901 1 - - 
330012- - 
330013- - 
33 0017 - - 
330016- - 
33 0020 - - Incorrect access to first magne- 

tic drum. 
33 0021 - - End of computation. 
33 0q02 - - SP-0002 (block transfer 1M2) . 
330013- - computation of In x). 
33 0010- - square root extraction). 

~ondia~onal term does not reach 
required accuracy. 
Diagonal term does not reach re- 
quired accuracy. 

Act ion 

Repeat read-in. 

Repeat access to 
drum with key 
start. 

Continue computa- 
tion start. with key 

For s t o p  33 0007 execute command 34 - - 0176 from console. 

It may happen that when the machine is in good working condition it will 

often stop on commands 1155 and 1165 and print out the difference 

1- &(a,)+,(ad> loA4 when i=k 

-- - 

$r (a,) (G,) > lo-' when i+ k. 
j- 1 



I n  t h i s  case ,  t h e  problem must be c l e a r e d  and t h e  d i f f e r e n c e  b  - b reduced 
i n  t h e  i n i t i a l  da ta .  

The r e s u l t s  are p r i n t e d  o u t  i n  t h e  following sequence: t h e  a ~ l x i l i a r y  - 

p o i n t s  x  (1) (1) ( 2 )  ( 2 ) .  I 3 x2 ; x1 9 x2 2 - a ' ;  x  1 (24) ' X 2  (24) a r e  p r i n t e d  o u t ,  following 

x (24) (24) t h e r e  w i l l  be  a  b i t  space and t h e  c o e f f i c i e n t s  C 
X3 1, c23 " " " s  624 

a r e  p r i n t e d  ou t ;  wi thout  t h e  space t h e  coordinates  of only t h e  f i r s t  designated 

p o i n t  a r e  p r i n t e d  o u t  and t h e  unknown s o l u t i o n  corresponding t o  i t ,  but "she 

coordinates  of t h e  o t h e r  p o i n t s  and t h e  s o l u t i o n s  corresponding t o  them are 

p r i n t e d  ou t  wi th  a space.  This happens when t h e  accuracy of or thonormal izat ion 
-4 is b e t t e r  than  1 0  . 

I f  any term, diagonal  o r  nondiagonal,  does n o t  reach t h e  required 1 3  20 

accuracy,  then fol lowing t h e  c o e f f i c i e n t s  Ci, i = 1, . . . , 24 t h e r e  will be  

p r i n t e d  out  

250 

1 - GOl (a,) $r (a,)> lo-' when i = k 

k =  I, 2, ... , i 
$, a,) +. (a,) > lod4 when i =+= k 

j= 1 

with  a  space.  A f t e r  t h e s e  numbers (not  reaching t h e  accuracy) ,  t h e  coordinates 

of t h e  des ignated p o i n t s  (Si, qi) and t h e  s o l u t i o n s  corresponding t o  them are 

p r i n t e d  out .  



TABLE 12. MEMORY CONFIGURATION 

Basic program input card. 
Control program. 
Program for processing initial 
and numerical data. 

F i r s t  program. 
Second program. 
I n i t i a l  data. 
Numerical data. 

Beginning End Control sum 

- -- - -- 

TABLE 13. MEMORY CONFIGURATION 

Assignment in internal 

Designation of blocks t ion 

Basic program input 
card 
Control program 
Program for processing 
initial & numerical 
data 
First park of basic 
program 

Working cells 

Results 

Second part of prog. 
Working cel ls  

Results_ 
b - b  
b 

Prog, for computing 
boundary f u~nction 
Qrthonormalized func. 
Numerical data, i.e., 
designated points 

nemo r y 

)pera- 

End 

Assignment on 
magnetic drum 



S e t  Up of I n i t i a l  Data 

The inpu t  ca rd  f o r  t h e  i n i t i a l  d a t a  has  t h e  fol lowing £om: 

where n i s  t h e  l e n g t h  of t h e  program f o r  computing t h e  boundary frnnction f ( a ) ,  

The i n i t i a l  informat ion r e q u i r e s  recording t h e  fol lowing o r i g i n a l  data  

i n  t h e  c e l l s  0622 - 0625: 0622 - t h e  d i f f e r e n c e  b - 6 i n  t h e  decimal wota- 

t i o n  system, where b and b, a r e  t h e  semi-minor axes of t h e  confocal  ellipses 

s and s r e s p e c t i v e l y .  0623 - n f o r  t h e  t h i r d  address  - l e n g t h  o f  the pro- 
1 

gram f o r  computing t h e  boundary func t ion  £(a)  i n  t h e  o c t a l  n o t a t i o n  system, 

I n  t h e  second address  of c e l l  0625 - t h e  number of des ignated p o i n t s  N i s  

w r i t t e n  i n  t h e  o c t a l  n o t a t i o n  system. The number of des ignated p o i n t s  must 

n o t  exceed [1420-n/2], , i f  n i s  even; 11420-(n-1)/2], , i f  n i s  odd. 

The program f o r  computing t h e  boundary func t ion  must beg in  from cell 

0626. The l eng th  of t h e  program f o r  computing t h e  boundary func t ion  f ( a )  

must n o t  exceed 600 1 o r  1130 1 
1 0  

I f  i n  computing £(a) t h e  va lues  of cos x and s i n  x are necessary ,  then 

they can b e  taken from c e l l  0020 and 0021. I n  compiling t h e  progranns the 

working c e l l s  used must c e r t a i n l y  be  taken i n t o  account i n  t h e  l eng th  of the 

program f o r  £ ( a ) .  



1 h o s  :M and sin x are not necessary, cells 0020 and 0021 may be 

ssed as working cells. The numerical data must follow directly after the 

program for t h e  boundary function £(a) ; this is t,,q,; c,,y,; ... ; En, q,. 

TABLE 14 I ,,a, 

FLOW DIAGRAM 

Overall Flow Diagram 

Control program block. 

Block for processing initial and numerical data. 

Standard program block. 

Block for computing auxiliary points on confocal ellipse according 
to Formula (1). 

Block for computing scalar products according to Formula (2). 

Block for computing coefficients of orthonormalization according to 
Formulas (31) and (32). 

Block for computing orthonormalized functions according to Formula (4). 

Block for checking accuracy of orthonormalization. 

Block for computing Fourier coefficients according to Formula (5). 



J Block f o r  computing c o e f f i c i e n t s  C according t o  Formula ( 6 ) -  
i 

K Block f o r  f i n d i n g  unknown f u n c t i o n  o u t s i d e  e l l i p s e  according t o  
Formula (7) .  

Control  Program Block 

A 1 Record f i r s t  p a r t  of b a s i c  program on z e r o  magnetic drum. 

A 2 Record second p a r t  of b a s i c  program on zero magnetic drum. 

A 3 Read i n  i n i t i a l  d a t a  inpu t  card.  

A 4 Read i n  i n i t i a l  da ta .  

A 5 Read ou t  f i r s t  p a r t  of b a s i c  program from zero magnetic drum, 

A 6 Read o u t  second p a r t  of b a s i c  program from zero magnetic d~rurn, 

Block f o r  Process ing I n i t i a l  and Numerical Data 1123 

B 1 Standard program f o r  conver t ing a r r a y  of numbers from decimal nota- 
t i o n  system t o  binary.  

- 
B 2 Trans fe r  b and b - b i n  c e l l s  0051 and 0043. 

B 3 Record program f o r  computing boundary func t ion  on zero  mag~aetic 
drum. 

B 4 Trans fe r  numerical  d a t a ,  i. e . ,  go t o  B 1 and record on ze ro  magnetic 
drum. 

B 5 Go t o  A 5. 

Standard Program Block 

C 1 Standard program f o r  computing s i n e  and cosine .  

C 2 Standard program f o r  computing n a t u r a l  logari thm. 

C 3 Standard program f o r  conver t ing numbers from b inary  n o t a t i o n  system 
t o  decimal wi th  f l o a t i n g  po in t .  

C 4 Standard program f o r  computing s p e c i f i e d  i n t e g r a l  by Simpson's 
method wi th  automatic c a l l i n g  sequence. 

C 5 Standard program f o r  square  r o o t  e x t r a c t i o n .  



Block for Computing Auxiliary Points on Confocal Ellipse 

D 1 Compu.te a and 'i; and transfer in cells 0050 and 0052. 
D 2 Clear counter for i. 

D 3 Convert from degree units to radians. 

D 4 Readdress i. 

D 5 Check if all degree units have been converted into radians; if yes 
go to D 6; if no go to D 3. 

D 6 Clear counter for i. 

D 7 Transfer argument in cell 0001. 

D 9 Compute x (i) (i) 
1 y X 2 '  

D 10 Transfer x(~), xii) in constant cells for storage. 1 
D 11 Clear counter for j. 

D 12 Transfer argument to cell 0001. 

D $3 Go to C 3. 

D 14 Print out j-x (i) (i) 
1 y X 2  

D 15 Readdress j. 

D 16 Check if both xii) , x(~) have been printed; if yes go to D 17; if no 
go to D 1. 

2 

D 17 Readdress i. 

D 18 Retrieve j. 

D 19 Check if all xii), xii) have been computed; if yes go to E 1; if no go 
to 133 7. 

Block for Computing Scalar Products 

E 1 Transfer 1 - 1 - A for n. 
E 2 Transfer 1 - 1 - A for i. 
E 3 Transfer 1 - 1 - A for j. 
E 4 Readdress for n. 

E 5 Go to C 4 .  

E 6 Clear output for computation by integral formula. 



E 7 Transfer x(~) , xii) in working cells. 1 
E 8 Go to C 1. 

E 9 Compute ( ~ , - - x ~ ) ) ~ + ( x , - - x ~ ) ) ~ .  

E 10 Transfer contents of 0001 to working cell. 

E 11 Transfer argument 0001. 

E 12 Go to C 2. 

E 13 Compute Q ~ .  

E 14 Transfer result for storage. 

E 15 Readdress for obtaining xii), xf) .  

E 16 Retrieve argument for using standard program C 4. 

E 17 Go to E 8. 

E 18 Output for computing under integral formula. 

E 19 Multiply cpicpk. 

E 20 Output for standard program C 4. 

E 21 Transfer result of integral computation for storage. 

E 22 Readdress for j. 

E 23 Check if all j have been computed; if yes go to E 3; if no go ta C 4 ,  

E 24 Readdress for i. 

E 25 Check if all i have been computed; if yes go to E 25; if no ge to 
E 3. 

Block for Computing Coefficients of Orthonormalization 

F 1 Transfer ( Q )  to cell 0001. 

F 2 Refer to C 5. 

F 3 Compute A,,= 1 

v" ( ~ 1 %  TI)  

F 4 Transfer constants (00 0002 000 0000) to k-counter. 

F 5 Retrieve variable commands and set up constants for shaping, 

F 6 Clear counter for j. 

F 7 Shape commands for computing product %-j,i (o*, 



F 8 Compute product %-j y i  (or wJ. 
F 9 Cornpiute Formula ( 3  ) . 4 
P 10 Check if all terms of Formula ( 3 4 )  have been computed; if yes go to 

I? 14, if no go to F 14. 

F 1% Transfer value a to storage. k,k-j 
I125 - 

F 12 Readdress variable commands and constants. 

F 13 Check if all q,k-j have been computed; if yes go to F 15; if no go 
to :F 5. 

F 44 Set up shaping constants for computing next term and go to F 7. 

F 15 Set up constants for shaping. 

F 16 Cleair counter for j. 

F 17 Shape commands for computing product a k,k-i' *k-i, 
F 18 Compute product a k,k-i' %-i9 j 
P 19 Comprlte Formula ( 3  ) . 5 
F '20 Check if all terms Bk have been computed; if yes go to F 21; if no 

go to F 24. j 

F 21 Transfer values B to storage. 
k,j 

F 22 Readdress variable commands and constants. 

F 23 Check if all % have been computed; if yes go to F 25; if no go to 
F 17. , j 

F 24 Set up shaping constants for computing next term and go to F 17. 

F 25 Set up constants for shaping. 

F 26 Shape commands for computing the formula 

F 27 Compute product 

P 28 Compute Formula ( 3 6 ) .  



F 29 Check if all terms of Formula (3 ) have been computed; if yes go to 
F 31; if no go to F 30. 

6 

F 30 Readdress variable commands for computing next term and go to F 2 7 ,  

F 31 Shape commands for computation using the formula 

F 32 Compute product 

F 33 Compute Formula (37). 

F 34 Check if all terms of Formula (37) have been computed; if yes go to /:?$ 
F 36; if no go to F 35. 

F 35 Readdress variable commands for computing next term and go to F 32. 

F 36 Compute radicand. 

F 37 Refer to C 5. 

F 38 Shape commands for computing Formula (1). 

F 39 Compute Formula (1). 

F 40 Set up constants for shaping. 

F 41 Shape commands for computing Formula (2). 

F 42 Transfer constants (00 0001 000 000) in i-counters. 

F 43 Compute nondiagonal coefficient of given row by Formula (2). 

F 44 Check if all nondiagonal coefficients of given row have been computed; 
if yes go to F 46; if no go to F 45. 

F 45 Readdress commands for computing next nondiagonal coefficient and go 
to F 43. 

F 46 Check if all coefficients %, j have been computed; if yes go to G 1; if no go to F 5. 

Block for Computing Orthonormalized Functions 



S 1 Transfer some constants to working cells and clear counter for 1. 

G 2 Retrieve some commands and clear counter for k. 

G 3 Compute orthonormalized functions. 

G 4 Check if all orthonormalized functions have been computed for k; if 
yes go to G 5; if no go to G 2. 

G 5 Copy orthonormalized functions for k from operating memory on first 
magnetic drum. 

S 6 Readdress some commands for i. 

2 7 Check if all orthonormalized functions for k have been computed; if 
yes go to H 1; if no go to G 2. 

Block for Checking Accuracy of Orthonormalization 

B I Transfer some commands in working cells. 

B 2 Clear counter for i. 

B 3 Transfer variable command to working cell. 

H 4 Clear counter for k. 

H 5 Read aut orthonormalized coefficients for k from first magnetic drum. 

H 6 Retrieve variable command. 

H 7 Read out orthonormalized coefficients from first magnetic drum. 

H 8 Clear counter for j. 

H 10 Readdress for j . 
B LS Check if cycle for j is completed; if yes go to 10; if not go to 7. 

H 1 2  Check accuracy of orthonormalization; has accuracy been reached; if 
yes go to 7; if no go to 11. 

H 13 Print out terms that have not reached the accuracy. 

H 14 Check if the cycle for k is completed; if yes go to 15; if no go to 
7. 

Block for Computing Fourier Coefficients from Formula (5) 

1 I Read out program for computing boundary function f (a)  from zero 



magnetic drum. 

I 2 Trans fe r  argument i n  c e l l  0001 and go t o  C 1. 

I 3 Check i f  a l l  f ( a . ) ,  j = 1, ..., 250, aj=(j-1) .-%, have been con- 
J 250 

puted; i f  yes  go t o  I 4; i f  no go t o  I 2. 

I 4 Read o u t  orthonormalized c o e f f i c i e n t s  from drum. 

I 5 Clear  counter  f o r  k. 

I 6 Compute Four ie r  c o e f f i c i e n t s  

I 7 Check i f  c y c l e  f o r  k i s  completed; i f  yes go t o  J 1; i f  no go to 
1 6. 

I 8 Clear  counter  f o r  i. 

I 9 Clear  working c e l l  f o r  v a r i a b l e  command. 

I 1 0  Clear  counter  f o r  k. 

I 11 Clear  working c e l l  f o r  s t o r a g e  of sum. 

24 
1 12 Compute Cl= Bk AI, 

k=i 

I 13 Check i f  c y c l e  f o r  k i s  f i n i s h e d ;  i f  yes  go t o  I 14,  i f  no go t o  
1 12. 

I 14 Trans fe r  C .  f o r  s to rage ;  go t o  C 3 and p r i n t  ou t .  
1 

I 15 Readdress v a r i a b l e  command of r e t r i e v a l  and readdress  f o r  i, 

I 16 Check i f  c y c l e  f o r  i i s  f i n i s h e d ;  i f  yes  go t o  I 17; i f  no go t o  1 9, 

I 17 Trans fe r  des ignated p o i n t s  from magnetic drum. 

I 1 8  Clear  counter  f o r  n .  

I 19 Trans fe r  des ignated p o i n t s  i n  working c e l l s .  

I 20 Clear counter  f o r  i. 
24 

I 21 Has u (En, q,J= Cl w'. been computed ? 
i= 

I 22 Check i f  c y c l e  f o r  i is f i n i s h e d ;  i f  yes  go t o  I 23; i f  no go to 
1 2. 



1 23 Print out u ( E n ,  q,,). 

I 24 Readdress for n. 

I 25 Retrieve some commands for i. 

I 26 Check if cycle for n is finished; if yes go to I 27; if no go to 
I 1 9 .  

1 27 Check if all 2Nmax designated points have been computed; if yes go to 

I 28 Retrieve some commands and go to readdress I 17. 

1 29 Check if all designated points have been called; if yes go to I 30; 
if no go to I 18. 

I 30 Stop, 

Control Example 1 

Leir us kook at the following external. Dirichlet boundary problem for the 

e l l i p s e  s: 

under the boundary condition 

u (a) = XI , Oc;a42n 
. x:+x", 

and seek the harmonic function outside the ellipse s. 

In cell 0623we transfer the value of the semi-minor axis b = 0.8. In 
- 

cell 0622 we read-in the number b - b = 0.2. The machine automatically selects 

the following values of the semiaxes for the auxiliary ellipse s 1: 

in cell 0624 according to the third address, N is the length of the 

program for computing the boundary function £(a). 0625 according to the 

second address is the number of designated points - n (i. e. El,ql; e2,q2; ... ; 
Sn,q,) in the octal notation system. In our case 



The approximate values for solution to this problem must be computed at 

the designated points in the region G outside the ellipse s. The values of 
e 

the designated points are read in from cell 0623. 

The precise solution to the problem has the form 

Below we derive the initial and numerical data. 

1129 
1 

Address Commands Comments 

1 31 0100 0010 Initial data input card. 
2 31 0622 0014 
3 39 0100 0010 
4 31 0622 0013 
5 35 0014 0013 0010 
6 33 0022 
7 34 000 1 

0010 77 0060 
1 0622 0002 0622 1 
2 34 0134 
3 00 

1 
I 

4 00 

0 + 2000 0000 b - b is difference between semiaxes. I 
0 + 8000 0000 b is semi-minor axis of basic ellipse. 

4 
06': $- I 1 

0005 n is length of program for computing boundary func./ 

5 0050 I 
6 

The number of designated points in octal notation 1 03 0020 0020 0001 system. , 
7 03 0021 0021 0002 I 

0630 01 0001 0002 0001 
I 04 0020 0001 0001 , 
2 34 0272 I 

I 



The printed results of the control example are shown in Tables 15 and 

16, 

Table 25 gives the coordinates of the auxilTary points on the confocal 

ellipse in the following sequence: 

x2( ' ) ; .  ..; x1(24), x2(2*) 



and t h e  va lue  of t h e  Four ie r  c o e f f i c i e n t s  C1, C 2 ,  ..., ' 2 4  ' 

Table 1 6  g ives  t h e  coordinates  of t h e  deeignated p o i n t s  ( ancl the 

s o l u t i o n s  u ( ~ , ) ,  corresponding t o  them obta ined on t h e  machine, and the error 

The opera t ing  time of t h e  machine f o r  t h i s  example is  45 minutes,  The 

d i s t r i b u t i o n  of des ignated p o i n t s  i s  shown on Figure  4. 

TABLE 15 



TABLE 16 

rln 

Control  Example 2 

L e t  u s  look a t  t h e  e x t e r n a l  D i r i c h l e t  boundary problem f o r  t h e  e l l i p s e  

xi = cos rp, x, = 0,5 sin rp. 

Under the boundary cond i t ion  



we seek the harmonic function outside the ellipse s. 

In cell 0623, we transfer the value for the semi-minor axis b = 0.5. Bn 
- 

cell 0622 we read in the number b - b = 0.1. The machine selects the! following 

values of the semiaxes for the auxiliary ellipse s 
1 : 

In this case, the number of designated points is i=431,,="1,. 

The exact solution to this problem has the form 

Below we give the initial and numerical data. 

Address 1 Command (1 Address I Command 

NUMERICAL DATA 



Address 

TABLE 17 



TABLE 1 7  (con't) 
I 

TABLE 18 



TABLE 1 8  (con ' t )  

The p r i n t e d  r e s u l t s  of t h e  c o n t r o l  example a r e  shown on Tables 17 and 18. 

Table 17 gives  t h e  coordinates  of t h e  a u x i l i a r y  p o i n t s  on t h e  confocal  

e l l i p s e  and t h e  va lue  of t h e  Four ier  c o e f f i c i e n t s .  

Table 18 gives  t h e  coordinates  of t h e  des ignated p o i n t s  (jiyi) and t h e  

solutions caorresponding t o  them u(&,r];),  obtained on t h e  machine and e r r o r  

The machine time f o r  t h i s  example i s  50 minutes. 

The d i s t r i b u t i o n  of designated p o i n t s  i s  shown on Figure  5. 

OPERATIONAL CODE FOR THE METHOD OF GENERALIZED 
FOURIER SERIES 

i 
Command I Address 1 Command 







Address 1 Command Address 1 Command 



Command 'Address I Command 

OOGO 





a Command 1 Address 1 Command 





- 
Address I ' Command 1 Address 1 Command 
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